
Null-Model Analysis of Firm Competitiveness
and Corporate Coherence. ¤

Giulio Bottazzi and Davide Pirino

CAFED and LEM, Scuola Superiore Sant'Anna,
Piazza Martiri della Libertá 33, 56127 Pisa, Italy

Abstract

Corporate coehrence and competitivness among �rms is inves tigated through a null-model
apporach. The sterngth of relatedness between pairs of industrial sectors or between pairs
of �rms can be tested comparing their actual values with thos e predicted if association were
random. Nevertheless pairs can be randomly associated in di fferent way. We identify four
main mechanisms (or null models) for generating associatio n between �rms and industrial
sectors. As a direct consequence we show that relatedness measure are strongly affected by
the choice of the null model. Finally, exploiting the litera ture about competitivness among
species in ecology, we propose a new measure of negative relatedness between industrial
sectors and �rms.

Keywords:

JEL Classi�cation:

¤Thanks to .... The research that has led to this work has been supported by .... All usual disclaimers
apply.

1



1 Introduction 2

1 Introduction

We investigate corporate coherence and �rm competitiveness using a binary matrix
representation of the �rms-patents scenario. Let I and N be the number of existing
industrial sectors and �rms respectively.

In order to represent the observed scenario we introduce an adjacency matrix
Cn;i 2 NN £ I de�ned as:

Cn;i =
½

1 if �rm n has chosen sectori;
0 otherwise.

(1)

The binary matrix de�ned above is known in literature also as presence-absence
matrix. Such kind of matrices have been widely studied in Econometrics (A nselin,
1988; Teece et al., 1994; Breschi et al., 2003; Nesta and Saviotti, 2006), Biogeography
and Ecology (Connor and Simberloff, 1979; Roberts and Stone, 1990; Sanderson et al.,
1998; Manly, 1995; Zaman and Simberloff, 2002; Gotelli, 2000;Gotelli and Entsminger,
2001; Gotelli, 2001; Rodŕ�guez-Giron és and Santamaŕ�a, 2006, among others) and Psy-
chometry (Snijders, 1991). The problem deals with the detection of relatedness among
industrial sectors (or corporate coherence) in a given economy (see Teece et al., 1994)
and competitivness among species in ecological system, where the non-zero (resp.
the zero) elements of the adjacency matrices are interpreted as the presence (resp.
the absence) of a specie in a geographical zone (e.g., an island of an archipelago, see
Roberts and Stone, 1990).

Given an observed adjacency matrix C 2 NN £ I we wonder whether or not it
has been produced ”by chance”. If an hidden mechanism (such as competitivness)
among �rms or species exists the resulting presence-absence matrix is expected to be
non-random. A �rst attemp to establish the degree of randomness in �rm-industrial
sectors matrices is found in the seminal work of Teece et al. (1994).

They introduce a measure of relatedness comparing it with its expec ted value
under a null focusing on the deviation from randomness of the co-occ urrences matrix
Ji;j 2 NI £ I de�ned as:

Ji;j =
NX

i =1

Cn;i Cn;j ; i.e. J = CT C ; (2)

where superscript T indicates the transpose. Given two industrial sectors i and j
the quantity Ji;j indicates the number of �rms that share simultaneously both sectors.

Relevant quantities are, in this scenario, the number ui of �rms active in industrial
sector i , i.e. ui =

P N
n=1 Cn;i , and the number vn of industrial sectors in which �rm n is

active, i.e. vn =
P I

i =1 Cn;i .
Assuming as given quanties the numbers ui , Teece et al. (1994) derive the prob-

ability distribution of the co-occurrences Ji;j , which straightforwardly reveals to be
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hypergeometric (Feller, 1976). In fact they assume a null-model (see Gotelli, 2001;
Gotelli and Graves, 1996) and test the actual co-occurrences with those predicted by
the null. If ¹ i;j and ¾i;j are, respectively, the expected value and the standard devia-
tion under the null, the relatedness is measured as:

t i;j =
Ji;j ¡ ¹ i;j

¾i;j
: (3)

The quantity t i;j measures how much null standard deviation are the observed
values far from their null expected value. Two main drawbacks can b e addressed to
this approach. First, the matrix t i;j is not a valid indicator of randomness. Actually
Ji;j has not a gaussian distribution and, for example, a value of t i;j close to 3 does
not corresopnd to 99:7%of observations. An appropiate measure is provided by the
p-value, i.e. the null-probability of obtaining a value smaller tha n the observed one.
When such a null-probability is close to one the corresponding obs erved value is
unlikely to be generated by the null random process. We deal with pos itive-de�ned
quantities, hence only a one-side rejection test is required and p-values close to zero
do not correspond to ”unlikely” observations.

Second, different mechanism of random association can be assumed, not only the
one that causesJi;j to be hypergeometric.

In this paper we propose four different null hypotheses of random ness. In fact
our approach spans over all principal association mechanisms between �rms and
industrial sectors:

² H 1: Full Randomness .

Only the total number of links M =
P

i ui =
P

n vn is a �xed quantity. The row
and column sums (ui )f i =1 ;:::;I g and (vn )f n=1 ;:::;N g are random variables.

² H 2: ui �xed, vn random .

The total number of links M and column sums (ui )f i =1 ;:::;I g are given quantities
while row sums (vn )f n=1 ;:::;N g are random variables. This case corresponds to
that of Teece et al. (1994).

² H 3: vn �xed, ui random .

This case is the symmetric case ofH 2. The �rm scopes (vn )f n=1 ;:::;N g are given
quantities while the industrial occupancy numbers (ui )f i =1 ;:::;I g are randomly
distributed.

² H 4: ui �xed, vn �xed .

This null corresponds to the most conservative case, where both column and
row sums are assinged by the dataset.
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In the case of hypothesysH 2 we have an analytical expression for the distributon
of the co-occurrences matrix Ji;j (see Teece et al., 1994; Feller, 1976). For the same
reason the dual of Ji;j on the �rm's side , i.e.

Hn;m =
IX

i =1

Cn;i Cm;i = C CT ; (4)

has a known distribution in the case of null H 3.
However for a generic random variable T (C0) which depends on the entries of

the observed adjacency matrix C0, the distribution function under one of the pro-
posed nulls is unknown and should be obtained by numerical methods. For this
reason a large number of realizations of the adjacency matrix Cn;i is required. We will
show that in the cases of hypothesesH 1-H 2-H 3 Monte Carlo replications are obtained
straightforwardly, while the maximum-constraint null H 4 requires particular care. In
the following Sections we propose different algorithms in orde r to produce reliable
rejection rates for the observed statistics based on the dataset described in Section 4.

Our approach allows to obtain p-values for any C0-based statisticsT (C0). As will
be described in Section 5, p-values provide a natural randomness measure for the
statistics under analysis.

This paper is structured as follows: in Section ...
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2 H 1-H 2-H 3: Fire-and-Place Algorithm

Suppose that both ui =
P

n Cn;i (i.e. the number of �rms active in sector i ) and vn =P
i Cn;i (i.e. the number of industrial sectors chosen by �rm n) are random quantities.

In this scenario only the total number of links:

M def=
X

i

ui =
X

n

vn =
X

i;n

Ci;n ; (5)

is a given quantity. The random assignment coincides with the rand om placement
of balls in boxes. Each Cn;i represents the success (Cn;i = 1) or the failure ( Cn;i =
0) of placing the i -th ball in the n-th box (both �rms and industrial sectors can be
interpreted as balls or boxes).

The generation of the random sample shows no particular dif�cultie s in this case.
For each replication we start from a matrix with only zero elements and thereafter M
pairs of indexes (n¤; i¤), with n¤ 2 [1; :::; N ] and i ¤ 2 [1; :::; I ], are extracted from an
uniform distribution.

We are using a �re-and-place algorithm: at each step a 1 is �red somewhere in the
matrix. If the arriving position is empty then a 1 is placed otherwise a new ”bullet”
is �red. The procedure is repeated until M bullets are placed. This allows to obtain a
random sample generated according to H 1.

A similar approach is taken for the generation of random paths acc ording to H 2

and H 3: in the case of H 2 (resp. H 3) a 1-element is placed in the matrix Cn;i at the
uniformly extracted entry (n¤; i¤) (provided that the entry is empty). The coulum
sum (resp. row sum) constraint is imposed subtracting 1 from the number ui ¤ (resp.
vn¤ ), i.e.:

ui ¤ ) ui ¤ ¡ 1 (resp. vn¤ ) vn¤ ¡ 1 ): (6)

If the extracted pair (n¤; i¤) is such that ui ¤ = 0 (resp vn¤ = 0) we ignore the
extraction and the algorithm chooses another pair.

We continue the pairs extraction until the number of placed 1 is equal to M or,
equivalently, until:

8i; u i = 0 (resp. 8n; vn = 0 ): (7)

Following these procedures we generate 103 adjacency matrices, in order to span
a large number of con�gurations.
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3 H 4: Fixed row and column sums

We indicate by S(u; v) the space of N £ I binary matrices whose column and row
sums are given by (ui )f i =1 ;:::;I g and (vn )f n=1 ;:::;N g respectively.

The generation of a random sample in S(u; v) is not a trivial problem. For large
and sparse matrices the �re-and-place algorithm usually reaches a lock-in state.

Sanderson et al. (1998) propose a modi�cation of the well-know n knight's tour
algorithm in order to produce a sequence of matrices in S(u; v) such that each ma-
trices is produced once and only once. Null-matrices are generated just iterating the
�re-and-place algorithm untill a lock-in state is reached. There after the algorithm is
moved backward to the last unlocked state and iterated again. Howeve r this prod-
cedure is not suitable for our case where a large (576£ 705, see Section 4) and sparse
(only 5% of total entries are different from zero) matrix must be produced. O nly a
relative small part of the entire matrix is completed : the algorithm moves forward
and backward without reaching a �nal state.

In order to generate Monte Carlo replications of matrix with �xed co lumn and
row sums we adopt a swapalgorithm. The algorithm starts with the observed matrix
and then looks for 2 £ 2 diagonal or anti-diagonal sub-matrices, i.e. of the form:

µ
1 0
0 1

¶
; or

µ
0 1
1 0

¶
; (8)

and thereafter change one into the other. Note that the sub-matrix eleme nts can
belong to non-adjacent columns or rows, i.e. their distance in the original matrix can
be as large as the matrix dimensions.

It is evident that the swap trasformation preserves both row and co lumn sums.
Starting from the original observed matrix C0 we perform a Nswp number of swaps

obtaining a new matrix C1. We then re-start the algorithm with the new matrix C1.
After perfoming Nrep iterations we have at our disposal a Monte Carlo chain of ma-
trices C1; C2; :::; CN rep , where each nodes of the chain is obtained from the previous
one performing Nswp random swpas.

If Nswp is large enough the Monte Carlo chain can be considered at equilib rium
and correlation among matrices can be neglected, i.e. the chain can be considered as
Markovian. Similarly the large the value of Nrep the large the space spanned by the
algorithm.

How much large should be chosen Nswp in order to consider the chain Markovian?
Let C0 [k] be a matrix obtained form C0 with k random swaps (C0 [0] = C0).
Markovian properties of the chain can be checked computing the cor relation co-

ef�cient:
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½
¡
C0; C0 [k]

¢
=

P
n;i

¡
C0

n;i ¡ ¹
¢ ¡

C0
n;i [k] ¡ ¹

¢

q P
n;i

¡
C0

n;i ¡ ¹
¢2

q P
n;i

¡
C0

n;i [k] ¡ ¹
¢2

; (9)

where ¹ = M=(N ¤ I ) is the mean value of matrix, which is not altered by swaps.
Figure 3 reports the correlation coef�cients (9) as a function of k. We �nd that after
approximately 1:5£ 105 swaps the correlation coef�cient reaches its minimum value.
Note that at equilibrium ½(C0; C0 [k]) ¼ 30%, which is due to the fact that several
constraints link C0 with C0 [k].
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Fig. 1: Reports the correlation coef�cient between the observed adjacency matrix C0

and one obtained from it after an increasing number of random swa ps (the
abscissa has been normalized to105 number of swaps).

Therefore we assume that after 1:5 £ 105 swaps the chain is at equilibrium and
we choose to setNswp = 1:5 £ 105. Similarly for the null models H 1, H 2 and H 3 we
produce 103 replications of the adjacency matrix. In order to span the ...

Swaps are not the unique transformations that map S(u; v) into itself. However
they are the simplest ones. Moreover any two matrices in S(u; v) can be transformed
one into another by swaps, as demonstraed in the paper of Ryser (1960). Therefore
the entire spaceS(u; v) can be spanned by simply iteratively swapping one matrix of
the set.

The swap approach has been ctiricised by Sanderson et al. (1998) beacause the
same matrix can be obtained several times, i.e. the elements of the Markov Monte
Carlo chain are not equiprobable. A reply to their criticism come s form Zaman and
Simberloff (2002) who propose to compute for each generated matrix the probability
of obtaining it by simple computing the numbers of its ”neighbors”. For each element
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S 2 S(u; v) a ”neighbor” is de�ned as an S
0

2 S(u; v) that is obtained from S by a
single swap. Denoting by ¹S the logical not of S, the number of neighbors M (S) of S
is straightforwardly computed as:

M (S) =
X

i<j

¡ ¹S ST
¢

i;j

¡ ¹S ST
¢

j;i
: (10)

A weight wk can now be associated to thek-th matrix Ck generated by the algo-
rithm:

wk
def=

1=M
¡
Ck

¢

P N rep
k=1 1=M (Ck)

: (11)

As a consequence rejection tests can be corrected by the weights de�ned above.
We compute the p-value of a generic random variable T (C0) associated with the ac-
tual presence-absence matrixC0 as:

p[T (C0)] =
NrepX

k=1

wk I f T (Ck
0 )· T (C0 )g; (12)

where I is the usual indicator function.
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4 Measures of Relatedness

The chosen dataset is avaible on-line from the home page of the new NBER patent
data project1 and cover the period from 1976to 2006. The whole dataset is very large
and contains milions of lines. In order to have a manageble dataset we take only
those �rms with more than 500patents. Thereafter we discard all industrial sectors
that have been chosen by less than10�rms.

The �nal dataset is composed of N = 576 �rms and I = 705 industrial sectors
(classi�ed according to four digit ipcID).

The observed adjacency matrix hasM = 68318elements different from zero.
Interaction between pairs of industrial sectors or between pairs of �rms can be

measured in several ways. Breschi et al. (2003) propose the cosine cosS
i;j index de�ned

as:

cosS
i;j =

P
k Ji;k Jj;kr

P
k J 2

i;k

q P
k J 2

j;k

; (13)

where Ji;j is the co-occurrences matrix de�ned in equation (2) and the superscr ipt
S stays for ”Industrial Sectors”.

Following Breschi et al. (2003) ”the cosine index provides a measure of the similarity be-
tween two technological �elds in terms of their mutual relationships with all the other �elds”.
A symmetric de�nition is valid for �rms:

cosF
n;m =

P
k Hn;k Hm;kr

P
k H 2

n;k

q P
k H 2

m;k

; (14)

where Hn;m is de�ned in equation (4) and the superscript F stays for ”Firms”.
It is worth to note that both (13) and (14) may cause problems when gen erating

Monte Carlo replications. In fact, depending on the chosen null, i t may happen thatP
k J 2

i;k = 0 for some i (or
P

k H 2
n;k = 0 for some n). This drawback causes the cosine

measures to be not suitable for our analysis.
Moreover, co-occurrences and cosine matrices provide a one-way measure of re-

latedness, i.e. they can not distinguish between a positive (inclus ive) or a negative
(exclusive) association among pairs.

In this respect Bishop et al. (1975) and Zaman and Simberloff (2002) propose the
log cross-product ratio de�ned as:

¸ S
i;j = log

µ
(N0;0 + 1) ( N i;j + 1)
(N0;i + 1) ( N0;j + 1)

¶
¡ 1; (15)

1 https://sites.google.com/site/patentdataproject/Home/ downloads
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where the superscript S stays for ”Industrial Sector”, N0;0 is the number of �rms
with neither industrial sectors, N i;j is the number of �rms with both industrial sector
(i.e. Ji;j ), N0;i is the number of �rms with the industrial sector i only and N0;j is the
number of �rms with the industrial sector j only. The addition of a 1 to each of these
numbers is required to avoid in�nites. An anologous de�nition is va lid for the �rm
pairwise interactions:

¸ F
n;m = log

µ
(M 0;0 + 1) ( M n;m + 1)
(M 0;n + 1) ( M 0;m + 1)

¶
¡ 1; (16)

where the superscript F stays for ”Firms” and the de�nition of the numbers M 0;0,
M n;m , M 0;n and M 0;m is analogous to the number entering in de�nition (15). Both
log cross-product ratios (15) and (16) are able to measure a postive or a negative
association between pairs. In case of maximum positive association between two in-
dustrial sectors we would have N0;0 = N=2, N i;j = N=2, N0;i = 0 and N0;j = 0, which
correspond to ¸ S

i;j = 2 log (1 + N=2) ¡ 1 (on the �rm's side we would have ¸ F
n;m =

2 log (1 + I=2)¡ 1). In case of maximum negative association we would have N0;0 = 0,
N i;j = 0, N0;i = N=2 and N0;j = N=2, which correspond to ¸ S

i;j = ¡ 2 log (1 + N=2) ¡ 1
(on the �rm's side we would have ¸ F

n;m = ¡ 2 log (1 + I=2) ¡ 1). For completely non-
associated pair we expect that (N0;0 + 1) ( N i;j + 1) = ( N0;i + 1) ( N0;j + 1) (and a sim-
ilar relation on the �rm's side), i.e. ¸ S

i;j = 0 (¸ F
n;m = 0).

As a consequence the log-porduct ratio is negative when pairs are negatively as-
sociated, null when they are not associated and positive when pair s are positively
associated.

It is better to deal with normalized and positively de�ned quantities , therefore we
introduce:

¸ S+
i;j =

max
¡
¸ S

i;j ; 0
¢

2 log (1 + N=2) ¡ 1
; (17)

¸ S¡
i;j =

max
¡
¡ ¸ S

i;j ; 0
¢

2 log (1 + N=2) + 1
; (18)

and similarly on the �rm's side:

¸ F +
n;m =

max
¡
¸ F

n;m ; 0
¢

2 log (1 + I=2) ¡ 1
; (19)

¸ F ¡
n;m =

max
¡
¡ ¸ F

n;m ; 0
¢

2 log (1 + I=2) + 1
: (20)

It is worth to note that the de�nitions above imply that the quantities ¸ S+
i;j , ¸ S¡

i;j ,
¸ F +

n;m and ¸ F ¡
n;m lie in the closed interval [0; 1].
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Log-product ratios (17), (18), (19) and (20) are more informative than the simple
co-occurrences matrix, providing insight on the sign of the rela tedness between pairs.

We give a simple example in order to highlight this feature. Suppos e that the
observed adjacency matrix C0 is given by:

C0 =
µ

0 1 0 1 0
1 0 1 0 1

¶
: (21)

C0 corresponds to a scenario where there are only two mutally exclusiv e �rms. In
this case we would have H1;2 = 0, cosF

1;2 = 0, ¸ F +
1;2 = 0 and ¸ F ¡

1;2 = 1. In other words co-
occurrences matrix and cosine reveal no association, while normalized log-product
ratios �nd a zero positive associaton and a maximum negative assoc iation.

Figure 2 compares, on a unique scale2, the observed positive and negative log-
product ratios for the indusrial sectors while Figure 3 compares the corresponding
quantites for �rm (on a unique scale).

Fig. 2: Reports the observed log-product ratios for industrial sectors in th e analyzed
dataset. Diagonal entries have been set to zero.

2 The chosen scale goes form zero to the highest observed valueamong positive and negative log-
product ratios.
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Fig. 3: Reports the observed log-product ratios for �rms in the analyzed d ataset. Di-
agonal entries have been set to zero.
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5 Weighted average relatedness

We want now to introduce a measure of �rm coherence following the nul l-hypotheses
approach described till now.

As discussed in the Intorduction Teece et al. (1994) measure coherence by means
of (3) and de�ning the weighted average relatedness of the n-th �rm as:

WAR n =
1
vn

X

i

Ã P
j 6= i en;j t i;j

P
j 6= i en;j

!

; (22)

where en;j is the number of employees in sector j for �rm n and vn =
P

i Cn;i is
the number of industrial sectors chosen by �rm n. As expected their �ndings reveal
that the WAR n is decreasing with vn . We want to show now how this results can
be re-stated in terms of positive and negative association measures (17)-(19) and in
terms of different null-hypotheses. If a speci�c null H is assumed a natural measure
of positive association3 between a pair (i; j ) of industrial sectors is provided by the
null one-side p-value p

£
¸ S+

i;j jH
¤
.

In fact p
£
¸ S+

i;j jH
¤

is equal to 1 for completely non-random (according to the chosen
null) association and is equal to 0 when ¸ S+

i;j is too small for being detected as non-
random.

This reasoning leads us to a natural de�nition of positive and negati ve weighted
average relatedness for �rm n:

WS+
n =

1
vn

X

i

Ã P
j 6= i qn;j p

£
¸ S+

i;j

¯
¯ H ]

P
j 6= i qn;j

!

; (23)

WS¡
n =

1
vn

X

i

Ã P
j 6= i qn;j p

£
¸ S¡

i;j jH
¤

P
j 6= i qn;j

!

; (24)

where qn;j is the number of patent 4in industrial sector j for �rm n and the super-
script S stays for ”Industrial Sectors”.

Figure (4) reports the mean value of the proposed measures (23)-(24) as a function
of vn . Notably, H 1, H 2 and H 3 reval a nearly constant association, while according
to H 4 there is a strong negative correlation between W +

n and vn . This feature agrees
with the idea that the mean ”distance” between two sectors in which the � rm is active
decreases with the increasing of the number of �rms. Teece et al. (1994) describe a nice
parallelism between �rms and residential areas: the addition of new houses produce

3 For the sake of exposition we are focusing only on positive as sociation among �rms. The reasoning
can be straightfordwardly extended to negative associatio ns and to �rms.

4 Our dataset does not provide the number of employees for each �rms. Therefore we decided to
weight relatedness by means of the number of patents that each �rm has in all its industrial sectors.
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a decrease of the mean distance between two elements of the residential area chosen
randomly.

In this respect H 4 reveals to be the correct null hypothesis. This directly implies
that the number of �rms in each industrial sectors and the number of ind ustrial sec-
tors chosen by each �rm should be consider as given quantities, pro duced by some
unknown inner mechanism, but not randomly generated.

Negative association is mostly costant for H 1, H 2 and H 3 and nearly increasing
according to H 4.

Hence, if H 4 is assumed as the correct hypothesis then our analysis reveals that
as a �rms grows not only unrelated sectors (according to ¸ S+

i;j ) are more probably
chosen, but possibly negatively associated (i.e. mutually exclusive).

On the �rm's side we can measure positive and negative interaction b y comput-
ing:

WF +
n =

1
N ¡ 1

X

m6= n

p
£
¸ F +

n;m

¯
¯ H ]; (25)

WF ¡
n =

1
N ¡ 1

X

m6= n

p
£
¸ F ¡

n;m jH
¤

; (26)

where the superscript F stays for ”Firms”. Both (25) and (25) have a straight in-
terpretation: W F +

n catches the mean collaborative level of �rm n while W F ¡
n measure

the mean competitivness between �rm n and the other �rms. Their mean values are
plotted in Figure 5 as a function of vn in the four different null hypotheses.

We observe common features across the different null models:

² In all case the collaborative level slightly increases with vn .

² Mean competitivness goes down quite rapidly. This effect is emph azised in
the null model H 4 where mean competitivness start from ¼ 1 for vn = 2 and
decreases to¼ 0 for vn ¸ 400.
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(a) H 1: Random column and row sums.

50 100 150 200 250 300 350 400 450
0.5

0.6

0.7

0.8

0.9

v
n

W
S

+

50 100 150 200 250 300 350 400 450
0

0.2

0.4

0.6

0.8

v
n

W
S

-

(b) H 2: Fixed column sums.
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(c) H 3: Fixed row sums.
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(d) H 4: Fixed column and row sums.

Fig. 4: Reports the mean value of the observed WS+
n (upper panel of each sub�gure)

and WS¡
n (lower panel of each sub�gure) for each null hypothesis as a functio n

of the number of industrial sectors vn chosen by �rm n.
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(a) H 1: Random column and row sums.
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(b) H 2: Fixed column sums.
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(c) H 3: Fixed row sums.
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(d) H 4: Fixed column and row sums.

Fig. 5: Reports the mean value of the observed WF +
n (upper panel of each sub�gure)

and WF ¡
n (lower panel of each sub�gure) for each null hypothesis as a functio n

of the number of industrial sectors vn chosen by �rm n.
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