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Hxurshdq Xqlyhuvlw| Lqvwlwxwh

Vdq Grphqlfr gl Ilhvroh/ Iluhq}h/ Lwdo|

idjlrorCgdwdfrpp1lxh1lw

Vhswhpehu 4<<<

Devwudfw

Exloglqj rq vrph jhqhudo surshuwlhv ri wkh hpslulfdo sdwwhuqv ri whfkqrorjlfdo gli0
ixvlrq dqg lqqrydwlrq/ wkh sdshu suhvhqwv d vlpsoh prgho lq zklfk vhoi0vxvwdlqlqj
jurzwk hqgrjhqrxvo| hphujhv dv wkh uhvxow ri lpshuihfw frruglqdwlrq dprqj vw|ol}hg/
erxqghgo|0udwlrqdo/ khwhurjhqhrxv/ �upv zklfk orfdoo| lqwhudfw lq dq rshq0hqghg whfk0
qrorjlfdo vsdfh dqg duh deoh wr prgli| wkh vhw ri wkhlu �qhduhvw qhljkeruv*1 Zh doorz
wkh v|vwhp wr eh fkdudfwhul}hg e|= +l, hqgohvv rssruwxqlwlhv ri lqwurgxflqj hlwkhu
�lqfuhphqwdo* ru �udglfdo* lqqrydwlrqv> +ll, sdwk0ghshqghqf| lq ohduqlqj dfklhyhphqwv>
+lll, g|qdplf lqfuhdvlqj uhwxuqv jurxqghg xsrq froohfwlyho| vkduhg �nqrzohgjh edvhv*1
E| phdqv ri h{whqvlyh Prqwhfduor vwxglhv/ zh lghqwli| qhfhvvdu| frqglwlrqv iru sdw0
whuqv ri shuvlvwhqwo|  xfwxdwlqj h{srqhqwldo jurzwk wr eh jhqhudwhg lq wkh hfrqrp|1
Zh dovr lqyhvwljdwh fdxvdo uhodwlrqvklsv ehwzhhq v|vwhp2ehkdylrudo sdudphwhuv wxq0
lqj wkh vrxufhv ri jurzwk dqg = +d, wkh ryhudoo shuirupdqfh ri wkh hfrqrp|> +e, wkh
hphujhqfh ri wkh h{sorudwlrq0h{sorlwdwlrq wudgh0r�> +f, wkh delolw| ri wkh v|vwhp wr vhoi0
rujdql}h dqg jhqhudwh JQS wlph0vhulhv ri h{srqhqwldo jurzwk zlwk vpdoo jurzwk0udwhv
orqj0uxq yrodwlolw| dqg vwdwlvwlfdo surshuwlhv vlplodu wr wkrvh h{klelwhg e| hpslulfdo
revhuyhg wlph0vhulhv1 Ilqdoo|/ wkh h�hfwv ri ehkdylrudo khwhurjhqhlw| rq djjuhjdwh rxw0
frphv duh dqdo|}hg dqg d vlpsoh h{dpsoh lv suhvhqwhg lq zklfk froohfwlyh hfrqrplf
jurzwk �qgv lwv qhfhvvdu| frqglwlrq lq wkh suhvhqfh ri d vkduh ri �luudwlrqdo* lqglylgxdov
lq wkh srsxodwlrq1

Nh|zrugv= Lqqrydwlrq/ Hqgrjhqrxv Jurzwk/ Orfdo Lqwhudfwlrqv/ H{sorudwlrq yv1
H{sorlwdwlrq

MHO Fodvvl�fdwlrq= R63/ R64/ F48/ F55

- Dq hduo| yhuvlrq ri wklv zrun lv lq Grvl/ J1 dqg Idjlror/ J1 +4<<;,1 Wkh sdshu kdv ehhq

frpsohwhg zkloh wkh dxwkru zdv ylvlwlqj wkh Ghsduwphqw ri Hfrqrplfv ri wkh Xqlyhuvlw| ri

Zlvfrqvlq +Pdglvrq/ X1V1D1,1 Wkdqnv wr Z1D1 Eurfn dqg J1 Grvl iru khosixo dqg vwlpxodwlqj

frpphqwv1 Ilqdqfldo vxssruw e| wkh Edqn ri Lwdo| +Eruvd gl Vwxglr �Erqdogr Vwulqjkhu*, lv

judwhixoo| dfnqrzohgjhg1
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4 Lqwurgxfwlrq

Lq wkh sdvw ihz |hduv/ wkh dwwhqwlrq ri wkh hfrqrplf glvflsolqh kdv ehhq eurxjkw
edfn wr d ghhshu dqdo|vlv ri wkh ghwhuplqdqwv ri vhoi0vxvwdlqhg surfhvvhv ri
hfrqrplf jurzwk ixhohg e| whfkqrorjlfdo dgydqfhv1

Rq wkh rqh kdqg/ erwk cHqgrjhqrxv Jurzwk* dqg cHyroxwlrqdu|* prghov kdyh
ehhq wu|lqj wr ghyhors irupdo wkhrulhv lq rughu wr h{sodlq krz shu0fdslwd lqfrphv
jurz +dovr, dv wkh rxwfrph ri srvlwlyh ihhg0edfnv lq nqrzohgjh dffxpxodwlrq41
Rq wkh rwkhu kdqg/ d udslgo| h{sdqglqj/ hpslulfdoo|0jurxqghg/ olwhudwxuh rq wkh
hfrqrplfv ri whfkqrorjlfdo fkdqjh kdv ehhq h{sorulqj wkh gulyhuv ri lqqrydwlrq
dqg gl�xvlrq 0 dv zhoo dv wkh phfkdqlvp wkurxjk zklfk wkh| rffxu dqg wkhlu
h�hfwv 0 dw wkh ohyhov ri �upv/ vhfwruv dqg zkroh Frxqwulhv51

Qrwzlwkvwdqglqj doo wkdw/ pdq| vfkroduv kdyh uhfhqwo| vshoohg rxw d qhjdwlyh
dvvhvvphqw rq wkh h{whqw wr zklfk cqhrfodvvlfdo* dqg chqgrjhqrxv* jurzwk wkhr0
ulhv kdyh ehhq deoh wr pdwfk crog* dqg cqhz* jurzwk cvw|ol}hg idfwv*61 Uhodwhgo|/
d odujh erg| ri olwhudwxuh kdv dujxhg wkdw wkhuh vwloo uhpdlqv dq hqruprxv jds
ehwzhhq zkdw zh klvwrulfdoo| nqrz derxw whfkqlfdo fkdqjh +dqg lwv hfrqrplf
h{sorlwdwlrq, dqg wkh zd|v zh uhsuhvhqw wkhp lq jurzwk prghov71 Dffruglqj wr
wklv ylhz/ irupdo prghohuv vkrxog dwwhpsw wr wdnh lqwr dffrxqw vrph ri wkh iro0
orzlqj jhqhudo surshuwlhv ri wkh hpslulfdo sdwwhuqv ri lqqrydwlrq dqg gl�xvlrq/
zklfk vhhp wr eh lqghhg qhjohfwhg e| d jrrg ghdo ri frqwhpsrudu| olwhudwxuh1

Iluvw/ erwk cfodvvlf* dqg cqhz* djjuhjdwh jurzwk prghov whqg wr ryhuorrn +dqg
lq prvw fdvhv ljqruh, wkh v|vwhpdwlf khwhurjhqhlw| lq plfurhfrqrplf whfkqrorj0
lfdo frpshwhqflhv uhfhqwo| eurxjkw lqwr juhdwhu surplqhqfh e| wkh hpslulfdo
olwhudwxuh1 Dv d frqvhtxhqfh/ dq| cuhsuhvhqwdwlyh djhqw* uhgxfwlrq hpsor|hg lq
wkhvh irupdol}dwlrqv pljkw wxuq rxw wr eh kljko| plvohdglqj zkhqhyhu wkh djjuh0
jdwh g|qdplfv ghshqgv qrw rqo| rq wkh dyhudjh fkdudfwhulvwlfv ri dq| srsxodwlrq
exw dovr rq wkh plfurhfrqrplf glvwulexwlrqv wkhpvhoyhv dqg rq wkh ghwdlov ri
wkh lqwhudfwlrq phfkdqlvpv dprqj hfrqrplf plfur hqwlwlhv81

Vhfrqg/ wkhuh dsshdu wr eh d vwulnlqj frq lfw ehwzhhq wkh lqfuhgleo| vrsklv0
wlfdwhg iruzdug0orrnlqj udwlrqdolw| rqh w|slfdoo| lpsxwhv wr djhqwv lq djjuhjdwh
irupdo vwrulhv dqg wkh phvv| h{shulphqwdwlrq zklfk hpslulfdo vwxghqwv ri lq0
qrydwlrq dqg exvlqhvv klvwru| xvxdoo| �qg 0 ixoo ri vwxeeruq plvwdnhv/ cdqlpdo
vslulwv* dqg xqh{shfwhg glvfryhulhv9 1

Wklug/ sduwo| dv d frqvhtxhqfh/ lw vhhpv txlwh kdug wr lqwhusuhw pdfur0
g|qdplfv dv htxloleulxp sdwkv lvrprusklf wr vrph xqghuo|lqj cuhsuhvhqwdwlyh*
ehkdylrudo sdwwhuq: 1

4Frqfhuqlqj wkh iruphu/ vhh Urphu +4<;9/ 4<<3,/ Jurvvpdq dqg Khospdq +4<<4e,1 Rq
hyroxwlrqdu| prghov ri jurzwk fi1 Qhovrq dqg Zlqwhu +4<;5,/ Vloyhuehuj dqg Yhuvsdjhq +4<<8e,
dqg wkh uhihuhqfhv wkhuhlq1

5Vhh/ dprqj rwkhuv/ Iuhhpdq +4<;5/ 4<<7,/ Urvhqehuj +4<;5/ 4<<7,/ Gdylg +4<:8,/ Grvl
+4<;;,/ Qhovrq +4<<8,/ Oxqgydoo +4<<6,/ Judqvwudqg +4<<7,/ Vwrqhpdq +4<<8,/ dqg idlu sduwv
ri Grvl hw do1 +4<;;, dqg Irud| dqg Iuhhpdq +4<<5,1

6Fi1 Gxuodxi dqg Txdk +4<<;,/ Nohqrz dqg Urguljxh}0Foduh +4<<:, dqg PfJudwwdq dqg
Vfkplw} +4<<;,1

7Vhh Qhovrq +4<<;,1 Fi1 Grvl hw do1 +4<<7,/ iru dq rxwolqh ri vrph klvwrulfdo *vw|ol}hg idfwv*
zklfk wkh wkhru| vkrxog lghdoo| dffrxqw iru1

8Rq wklv dqg uhodwhg srlqwv/ fi1 Nlupdq +4<;</ 4<<5, dqg Doohq +4<;;,1
9Iru h{dpsoh/ rq hqwu| g|qdplfv ri qhz �upv fi1 wkh hylghqfh glvfxvvhg lq Grvl dqg

Orydoor +4<<:,1
:Vhh Vloyhuehuj dqg Yhuvsdjhq +4<<8e,1
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Ilqdoo|/ hfrqrplf fkdqjh dsshduv wr eh gulyhq dw ohdvw dv pxfk e| wlph0
frqvxplqj gl�xvlrq dv iurp lqqrydwlrq;1

Dv d uhvxow/ vhoi0vxvwdlqhg sdwwhuqv ri hfrqrplf jurzwk vkrxog eh lqwhusuhwhg
dv wkh hphujhqw surshuw| ri d frpsoh{/ hyroylqj v|vwhp frpsrvhg ri pdq| khw0
hurjhqhrxv vlpsoh hqwlwlhv orfdoo| lqwhudfwlqj lq d kljk0glphqvlrqdo/ dqg srvvleo|
rshq0hqghg/ whfkqrorjlfdo vsdfh< 1 Iroorzlqj wklv lqwxlwlrq/ wkh sdshu suhvhqwv
d frpsxwhu0vlpxodwhg prgho ri hqgrjhqrxv jurzwk wkdw exlogv rq wkh iruhjr0
lqj �yh surshuwlhv/ wrjhwkhu zlwk rwkhu cvw|ol}hg idfwv* vwhpplqj iurp hpslulfdo
dqdo|vhv ri whfkqrorjlfdo fkdqjh riwhq glvuhjdughg lq irupdo djjuhjdwh hqghdy0
ruv1 Wkh uhvw ri wkh duwlfoh lv rujdql}hg dv iroorzv1

Lq Vhfwlrq 5/ zh vkdoo rxwolqh lq pruh ghwdlo wkh exloglqj eorfnv dqg wkhruhw0
lfdo frqmhfwxuhv vxssruwlqj wkh prgho ghvfulehg lq Vhfwlrq 61 Qh{w/ lq Vhfwlrqv
7 dqg 8/ zh zloo suhvhqw dq h{whqvlyh dqdo|vlv ri wkh vlpxodwlrq uhvxowv1 Vhfwlrq
9 glvfxvvhv vrph hfrqrphwulf surshuwlhv ri wkh vlpxodwhg wlph0vhulhv/ zkloh/ lq
Vhfwlrq :/ d ihz h{whqvlrqv ri wkh edvlf prgho duh lqwurgxfhg1 Ilqdoo|/ Vhfwlrq
; gudzv vrph frqfoxvlrqv dqg  djv uhvhdufk ghyhorsphqwv dkhdg1

5 Ghfhqwudol}hg Nqrzohgjh Dffxpxodwlrq/ Lq0
whudfwlrqv dqg Froohfwlyh Rxwfrphv

Wr ehjlq zlwk/ ohw xv wu| wr eulh | sruwud| vrph ri wkh nh| txdolwdwlyh surshuwlhv
ri wkh surfhvv ri whfkqrorjlfdo fkdqjh/ dv wkh| duh vlqjohg rxw e| wkh uhohydqw
hpslulfdoo|0jurxqghg olwhudwxuh1

Whfkqrorjlfdo dgydqfhv/ wr d vljql�fdqw h{whqw/ duh jhqhudwhg/ hqgrjhqrxvo|/
wkurxjk uhvrxufh0h{shqvlyh vhdufk xqghuwdnhq e| d pxowlsolflw| ri sur�w0 prwl0
ydwhg djhqwv1 Vhdufk lwvhoi lv jhqhudoo| xqfhuwdlq dqg lqqrydwlyh hqwuhsuhqhxuv
+ru/ iru wkdw pdwwhu/ lqfxpehqw �upv xqghuwdnlqj lqqrydwlyh dfwlylwlhv, duh
gulyhq e| wkh eholhiv wkdw �wkhuh pljkw eh vrphwklqj sur�wdeoh rxw wkhuh�/
exw duh jhqhudoo| xqdeoh wr irup suredelolw| glvwulexwlrqv rq wkh rxwfrphv ri
wkhlu vhdufk h�ruwv1

Lqqrydwlrqv duh qrw hqwluho| dssursuldeoh= nqrzohgjh surjuhvvlyho| gl�xvhv
wr rwkhu djhqwv zkr pljkw zhoo fdwfk0xs e| lqyhvwlqj lq lplwdwlrq 0 prvw olnho|/
zlwk d odj sursruwlrqdo wr vrph phdvxuh ri wkh glvwdqfh ehwzhhq wkh nqrzohgjh
zklfk wkh| pdvwhu dqg wkh frpshwhqflhv wkh| zdqw wr dftxluh1

Nqrzohgjh dffxpxodwlrq jhqhudoo| hqwdlov g|qdplf lqfuhdvlqj uhwxuqv erwk
dw wkh ohyhov ri lqglylgxdo djhqwv +w|slfdoo|/ exvlqhvv �upv, dqg froohfwlrq ri
wkhp +l1h1 lqgxvwulhv,/ jurxqghg xsrq froohfwlyho| vkduhg cohduqlqj sdudgljpv*1
Krzhyhu/ udglfdoo| qhz whfkqrorjlhv lqyroyh/ wr gl�huhqw ghjuhhv/ uxswxuhv dqg
cplvpdwfklqj*/ vr wkdw rqo| sduw ri wkh rog nqrzohgjh pljkw eh xvhixo wr wkh
h{sorlwdwlrq ri ixwxuh whfkqrorjlhv431

;Wklv srlqw kdv lqghhg ehhq hpskdvl}hg zlwklq rwkhuzlvh udwkhu ruwkrgr{ prghov e| Mr0
ydqrylf dqg Ure +4<;<,/ Mrydqrylf +4<<8,/ dqg/ ri frxuvh/ lv qhdu wkh frqfhuqv ri hyroxwlrqdu|
prghohuv +fi1 Qhovrq dqg Zlqwhu +4<;5,/ Vloyhuehuj hw do1 +4<;;,/ Phwfdoih +4<;;/ 4<<9,,1

<Fi1 Odqh +4<<6d/e,/ Nuxjpdq +4<<9,/ Ohlmrqkxiyxg +4<<9, dqg wkh duwlfohv lq Duwkxu hw
do1 +4<<:,1

43Rq wkhvh srlqwv/ vhh lq sduwlfxodu Urvhqehuj +4<;5, dqg Iuhhpdq +4<;5, uhjduglqj whfk0
qrorjlhv xqfhuwdlqw|> fi1 Iuhhpdq +4<;5,/ Ohylq hw do1 +4<;:,/ Qhovrq dqg Zlqwhu +4<;5,/ dqg
wkh uhpdunv lq Grvl +4<<:, dqg Qhovrq +4<<:,/ rq dssursuldelolw|> vhh Duurz +4<95,/ Gdylg
+4<:8/ 4<;;,/ Urphu +4<<3,/ Dwnlqvrq dqg Vwljolw} +4<9<,/ Qhovrq dqg Zlqwhu +4<;5,/ Grvl
+4<;;, dqg Pdohued dqg Ruvhqljr +4<<6, rq gl�huhqw 0 wkhruhwlfdo dqg hpslulfdo 0 dssuhfldwlrq
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Whfkqrorjlfdo vhdufk/ dv zhoo dv lqirupdwlrq gl�xvlrq dqg nqrzohgjh dffxpx0
odwlrq/ fdq eh wkhq iuxlwixoo| ghslfwhg dv dq lqwhudfwlrq surfhvv wdnlqj sodfh lq
vrph +kljk0glphqvlrqdo, whfkqrorjlfdo vsdfh44 1 Gluhfw lqwhudfwlrqv dprqj exvl0
qhvv �upv pljkw lqghhg dulvh lq wkh hfrqrp| dw pdq| ohyhov1 Iluvw/ hqwuhsuhqhxuv
pd| vsuhdg/ hlwkhu lqwhqwlrqdoo| ru qrw/ vrph ri wkh nqrzohgjh wkh| pdvwhu lq
wkhlu cwhfkqrorjlfdo qhljkerukrrgv*/ srvvleo| ohdglqj wr orfdol}hg ehqh�wv ruljl0
qdwhg e| lqfuhdvlqj uhwxuqv wr vfdoh dqg srvlwlyh qhwzrun h{whuqdolwlhv1 Vhfrqg/
exvlqhvv �upv 0 dv wkh| judgxdoo| h{soruh lq wkh ylflqlw| ri wkh h{lvwlqj sudfwlfhv
0 pljkw eh gluhfwo| d�hfwhg lq wkhlu vhdufk e| rwkhu �upv fxuuhqwo| hpsor|lqj
cvlplodu* whfkqrorjlhv1 Lq hlwkhu vlwxdwlrq/ ehfdxvh ri wkh kljko| sdwk0ghshqghqw
qdwxuh ri h{sorlwdwlrq dqg lqqrydwlrq dfwlylwlhv/ lqwhudfwlrq vwuxfwxuhv zloo glv0
sod| vwurqj qrq0vwdwlrqdulwlhv45 / vlqfh wkh vhw ri xqlwv +�upv dqg whfkqrorjlhv,
gluhfwo| d�hfwlqj lplwdwlyh dqg lqqrydwlyh ehkdylruv ri hyhu| rwkhu exvlqhvv �up
lq wkh hfrqrp| duh olnho| wr nhhs fkdqjlqj dw hdfk srlqw lq wlph1

Ehvlgh doo wkdw/ wkh prgho suhvhqwhg lq Vhfwlrq 6 h{solflwo| wdnhv rq erdug
irxu rxw ri wkh �yh cidfwv* wkdw Sdxo Urphu +4<<7, lghqwl�hv dv xqghuo|lqj cQhz
Jurzwk Wkhrulhv*/ qdpho|= +l, pxowlsolflw| ri djhqwv> +ll, qrq0ulydou| lq wkh xvh ri
nqrzohgjh> +lll, cuhsolfdelolw|* ri sk|vlfdo surgxfwlrq dfwlylwlhv> +ly, hqgrjhqhlw|
ri glvfryhu| h�ruwv1 Wkh �iwk rqh 0 l1h1 wkh uhqwv dvvrfldwhg zlwk vxffhvvixo glv0
fryhulhv 0 lv lpsolflwo| wkhuh exw sod|v qr uroh1 Rq sxusrvh/ wkh h{shfwdwlrqv rq
wkhvh uhqwv kdyh ehhq sduwo| gh0olqnhg iurp wkhlu dfwxdo dyhudjh ydoxhv +zklfk lv
lpsolhg e| wkh dedqgrqphqw ri dq| udwlrqdo whfkqrorjlfdo h{shfwdwlrq k|srwk0
hvlv,1 Khqfh/ zkloh dfnqrzohgjlqj wkdw djhqwv vhdufk iru lqqrydwlrqv ehfdxvh
wkh| fdq vrphwlphv hduq d uhqw rq wkhp/ qr prqrwrqlf uhodwlrq ehwzhhq wkh
cwuxh* h{shfwhg ydoxh ri wkrvh uhqwv dqg wkh surshqvlw| wr lqqrydwh lv dvvxphg1
Dv d �uvw dssur{lpdwlrq/ wkh irfxv zloo eh rq wkh vwxg| ri wkh zd|v sdwwhuqv ri
nqrzohgjh dffxpxodwlrq/ wrjhwkhu zlwk lqvwlwxwlrqdoo| qhvwhg cdqlpdo vslulwv*/
d�hfw jurzwk 0 zlwk uhqw0uhodwhg lqfhqwlyhv mxvw dv shuplvvlyh frqglwlrqv/ deryh
d plqlpxp wkuhvkrog461

Zkloh vkdulqj vrph ryhuodsslqj zlwk cQhz Jurzwk* prghov 0 nqrzohgjh gli0
ixvlrq lq suhvhqfh ri g|qdplf lqfuhdvlqj uhwxuqv duh lghqwl�hg dv wkh sulpdu|
vrxufhv ri jurzwk 0 wkh prgho ghsduwv iurp wkhp lq d ihz lpsruwdqw uhvshfwv1
Iluvw/ nqrzohgjh lv qhlwkhu wuhdwhg dv hqwluho| dssursuldeoh ru d sxuh h{whuqdolw|1
Udwkhu/ lwv ehqh�wv sduwo| dffuxh wr wkrvh zkr hperg| lw dqg sduwo| ohdn rxw
dv d vruw ri vsloo0ryhu1 Vhfrqg/ g|qdplf lqfuhdvlqj uhwxuqv duh/ dw ohdvw wr vrph
h{whqw/ whfkqrorj| vshfl�f1 Wklug/ gl�xvlrq ri lqirupdwlrq wdnhv wlph udwkhu
wkhq ehlqj lqvwdqwdqhrxv1 Ilqdoo|/ wkh udglfdo xqfhuwdlqw| lqwulqvlf lq wkh lqqr0
ydwlrq surfhvv lqyroyhv wkh srvvlelolw| wkdw djhqwv pdnh v|vwhpdwlf plvwdnhv lq
lqqrydwlyh vhdufk dqg dgrswlrq1

Pruhryhu/ zhoo lq wkh vslulw ri dq hyroxwlrqdu| shuvshfwlyh/ wkh prgho dv0

ri g|qdplf lqfuhdvlqj uhwxuqv> fi1 Qhovrq dqg Zlqwhu +4<::,/ Grvl +4<;5, dqg Iuhhpdq dqg
Shuh} +4<;;, rq vrphzkdw frpsohphqwdu| qrwlrqv ri *whfkqrorjlfdo sdudgljpv* dqg uhodwlyho|
rughuhg *wudmhfwrulhv* lq ohduqlqj sdwwhuqv1

44Pruh rq whfkqrorjlfdo vhdufk dv d orfdo lqwhudfwlrq surfhvv lq d whfkqrorjlfdo vsdfh lv lq
Fkldurprqwh dqg Grvl +4<<6,1

45Fi1 Nlupdq +4<<:/ 4<<;, iru d glvfxvvlrq rq *hyroylqj qhwzrunv*1 Vhh dovr Idjlror +4<<;,1
46 Lq idfw/ wklv lv txlwh lq wxqh zlwk wkh hpslulfdo hylghqfh1 Zkloh lw lv reylrxvo| wuxh

wkdw zlwk }hur dssursuldelolw| ri lqqrydwlrq qr sulydwh dfwru kdv dq| lqfhqwlyh wr xqghuwdnh
h{shqvlyh vhdufk +h1j1 iru d orqj wlph djulfxowxudo uhvhdufk rq qhz ydulhwlhv ri vhhgv/ hwf1,/ rq
wkh rwkhu vlgh/ wr rxu nqrzohgjh/ wkhuh lv qr frqylqflqj hylghqfh/ hlwkhu furvv0frxqwu| ru ryhu
wlph/ wkdw lqqrydwlyh h�ruwv uhvsrqg vprrwko| wr wkh �qh wxqlqj ri dssursuldelolw| frqglwlrqv1
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vxphv= +l, khwhurjhqhlw| dprqj djhqwv lq wkhlu whfkqrorjlfdo dqg ehkdylrudo
ihdwxuhv/ h1j1 wkhlu sureohp0vroylqj nqrzohgjh dqg wkhlu surshqvlw| wr vhdufk
dqg wr txlfno| lplwdwh47> +ll, glyhuvlw| lq wkh nqrzohgjh0edvhv xsrq zklfk djhqwv
duh deoh wr gudz> +lll, sdwk0ghshqghqf| lq ohduqlqj dfklhyhphqwv> +ly, erxqghg
udwlrqdolw| lq erwk ghflvlrqv wr doorfdwh uhvrxufhv wr vhdufk dqg fkrlfhv rq wkh
gluhfwlrqv ri vhdufk h�ruwv48> +y, crshq0hqghg* g|qdplfv lq wkh whfkqrorj| vsdfh
+vr wkdw ohduqlqj rssruwxqlwlhv duh qrwlrqdoo| xqolplwhg/ exw zkdw hdfk djhqw
fdq dfklhyh dw dq| rqh wlph lv frqvwudlqhg e| zkdw rqh kdv ohduqhg lq wkh sdvw,1
Krzhyhu/ xqolnh ixoo0 hgjhg hyroxwlrqdu| irupdol}dwlrqv/ rqh grhv qrw h{solflwo|
dffrxqw iru dq| vhohfwlrq g|qdplfv wkurxjk zklfk lqglylgxdo djhqwv +lq sulplv/
�upv, jurz/ vkulqn ru glh dffruglqj wr wkhlu uhyhdohg whfkqrorjlfdo dqg pdunhw
vxffhvv491 Khqfh/ wkh iroorzlqj frxog eh uhjdughg dv d uhgxfhg irup ri dq hyr0
oxwlrqdu| jurzwk prgho/ irfxvlqj xsrq wkh froohfwlyh rxwfrphv ri ghfhqwudol}hg
sdwwhuqv ri nqrzohgjh dffxpxodwlrq/ zkloh vxssuhvvlqj 0 olnh prvw wudglwlrqdo
jurzwk irupdol}dwlrqv 0 dq| h{solflw frpshwlwlyh lqwhudfwlrq1

Rq wkh jurxqgv ri wkhvh edvlf exloglqj eorfnv/ wkh iroorzlqj lvvxhv duh dg0
guhvvhg1

Iluvw/ zh zloo dwwhpsw wr lghqwli| vrph eurdg flufxpvwdqfhv xqghu zklfk wkh
hfrqrp| lv deoh wr vroyh wkh wudgh0r� ehwzhhq ch{sorlwdwlrq* ri nqrzq whfkqror0
jlhv dqg ch{sorudwlrq* ri srwhqwldoo| vxshulru rqhv dqg jhqhudwh vhoi0vxvwdlqlqj
jurzwk4:1 Qrwlfh wkdw/ dv wkh prgho grhv qrw uhvw rq dq| d sulrul frpplwphqw
wr lqglylgxdo udwlrqdolw| dqg froohfwlyh htxloleuld/ wklv txhvwlrq lqyroyhv dq lvvxh
zklfk frxog eh fdoohg ri Vfkxpshwhuldq frruglqdwlrq/ qdpho|= Fdq cerxqghgo|
udwlrqdo*/ khwhurjhqhrxv djhqwv 0 orfdoo| lqwhudfwlqj lq vrph frpsoh{ whfkqrorj0
lfdo vsdfh 0 lpshuihfwo| frruglqdwh wkhlu h�ruwv ri vhdufk iru qryho rssruwxqlwlhv
dqg ri h{sorlwdwlrq ri zkdw wkh| douhdg| nqrz/ vxfk dv wr |lhog uhodwlyho| rughuhg
sdwwhuqv ri vhoi0vxvwdlqhg djjuhjdwh jurzwk B

Vhfrqg/ h{whqvlyh h{shulphqwv ri frpsdudwlyh g|qdplfv zloo eh shuiruphg
vr dv wr pds gl�huhqw frqglwlrqv ri jhqhudwlrq dqg gl�xvlrq ri nqrzohgjh lqwr
wkh uhvxowlqj jurzwk sdwwhuqv1 Iru h{dpsoh/ zkdw kdsshqv wr wkh phdq +dqg
kljkhu prphqwv, ri wkh glvwulexwlrq ri dyhudjh jurzwk udwhv dfurvv lqghshq0
ghqw vdpsoh sdwkv dv whfkqrorjlfdo sdudphwhuv fkdqjh B Zkdw li rqh judgxdoo|
wxqhv wkh sdudphwhuv jryhuqlqj wkh pdjqlwxgh ri lqqrydwlyh rssruwxqlwlhv/ wkh
ghjuhh ri orfdolw| lq wkh lplwdwlrq2gl�xvlrq surfhvv dqg2ru wkh dprxqw ri sdwk0

47Sduwv ri wkh ryhuzkhoplqj hylghqfh rq wklv srlqw duh vxuyh|hg lq Qhovrq +4<;4,/ Iuhhpdq
+4<;5,/ Grvl +4<;;,1

48Khqfh/ xqolnh vwrfkdvwlf Qhz Jurzwk prghov ri *fuhdwlyh ghvwuxfwlrq* 0 vxfk dv Fkhqj
dqg Glqrsrxorv +4<<4, dqg Djklrq dqg Krzlww +4<<5, 0 ru *k|eulgv* ehwzhhq *rog* dqg *qhz*
rqhv 0 dv Mrydqrylf dqg Ure +4<<3, dqg Mrqhv dqg Qhzpdq +4<<7, 0 wkh dqdo|vlv lv qrw
frq�qhg wr wkrvh udwkhu vshfldo fdvhv zkhuhe| ghfhqwudol}hg djhqwv rq dyhudjh *jhw lw uljkw*111
1 Rq wklv srlqw/ wkh hpslulfdo hylghqfh lqghhg pdwfkhv txlwh vrolg wkhruhwlfdo uhdvrqv rq
wkh lpsrvvlelolw| ri iruplqj xqeldvhg h{shfwdwlrqv rq ixwxuh whfkqrorjlfdo dgydqfhv1 Diwhu
doo/ lqqrydwlrq lv derxw vroylqj sureohpv wkdw rqh kdv ehhq xqdeoh wr vroyh vr idu1 Exw li
rqh frxog nqrz/ hyhq lq suredelolw|/ krz wr vroyh wkhp/ wkdw zrxog phdq wkdw wkh vroxwlrq
dojrulwkp kdv douhdg| ehhq irxqg1 Wkh lvvxh ehduv rq sureohp0vroylqj frpsoh{lw| dqg/ pruh
jhqhudoo|/ rq wkh suhglfwdelolw| ri glvfryhu|1 Pruh rq wklv lv lq Grvl dqg Hjlgl +4<<4, dqg Grvl
hw do1 +4<<9,/ zlwklq d ydvw olwhudwxuh1

49Vhh Vloyhuehuj dqg Yhuvsdjhq +4<<8d/ 4<<8f,/ Grvl dqg Qhovrq +4<<7,1 Fi1 Vhfwlrq :15/
krzhyhu/ iru dq h{dpsoh ri krz rqh frxog lqgluhfwo| dgguhvv vhohfwlrq lvvxhv lq wkh prgho1

4:Iru d wkrurxjk glvfxvvlrq rq wkh h{sorlwdwlrq0h{sorudwlrq wudgh0r� dulvlqj lq dgdswlyh
v|vwhpv vhh Pdufk +4<<4,/ Vfkxpshwhu +4<67,/ Kroodqg +4<:8,/ Doohq dqg PfJodgh +4<;9,
dqg Nxudq +4<;;,1 Vhh dovr Ohylqwkdo dqg Pdufk +4<;4, dqg Ohylww dqg Pdufk +4<;;, rq wkh
wudgh0r� ehwzhhq wkh uh�qhphqw ri dq h{lvwlqj whfkqrorj| dqg lqyhqwlrq ri d qhz rqh1

8



ghshqghqfh lq ohduqlqj dfklhyhphqwv B Duh wkhuh dq| prqrwrqh uhodwlrqvklsv
ehwzhhq wkh vl}h +uhvshfwlyho|/ wkh jurzwk udwh, ri wkh srsxodwlrq dqg wkh ohyhov
+uhvshfwlyho|/ wkh jurzwk udwh, ri wkh rxwsxw B

Wklug/ zh vkdoo lqyhvwljdwh zkhwkhu surfhvvhv ri lqqrydwlrq/ lplwdwlrq dqg
gl�xvlrq zlwk wkh deryh fkdudfwhulvwlfv duh fdsdeoh ri jhqhudwlqj JQS wlph0
vhulhv glvsod|lqj vwdwlvwlfdo surshuwlhv vlplodu wr wkh hpslulfdoo| revhuyhg rqhv1
Iru lqvwdqfh/ fdq rqh urexvwo| dvvrfldwh gl�huhqw uhjlphv ri rssruwxqlwlhv/ sdwk0
ghshqghqf| dqg lqirupdwlrq gl�xvlrq wr vljql�fdqwo| gl�huhqw rxwsxw jurzwk
dxwrfruuhodwlrq vwuxfwxuhv ru wr vrph phdvxuh ri wkh shuvlvwhqfh ri wkh exvlqhvv
f|foh  xfwxdwlrqv B

Ilqdoo|/ wkh prgho vhhpv zhoo vxlwhg wr dqdo|}h krz ehkdylrudo khwhurjhqh0
lw| d�hfwv djjuhjdwh rxwfrphv1 Uhodwhgo|/ lw dovr kljkoljkwv d ihz vrxufhv ri
srwhqwldo frq lfw ehwzhhq lqglylgxdo dqg froohfwlyh udwlrqdolw|1 Lw lv lqghhg dq
hvwdeolvkhg uhvxow wkdw lq wkh suhvhqfh ri h{whuqdolwlhv dqg g|qdplf lqfuhdvlqj
uhwxuqv ri vrph nlqg/ rqh vkrxog qrw lq jhqhudo h{shfw wkh g|qdplfv jhqhudwhg
e| vhoi0vhhnlqj djhqwv wr fruuhvsrqg zlwk wkh vrfldoo| rswlpdo rqh1 Dedqgrqlqj
wkh cuhsuhvhqwdwlyh djhqwv* frpsuhvvlrq ri wkh plfurhfrqrplfv ri lqqrydwlrq dqg
doorzlqj iru h1j1 khwhurjhqhlw| lq wkh �upv* zloolqjqhvv wr h{soruh/ pdnhv wkh
srlqw hyhq pruh ylylgo| fohdu= wkhuh lv qr uhdvrq wr h{shfw wkdw d ghfhqwudo0
l}hg hfrqrp| zrxog kdqgoh wkh glohppd ehwzhhq ch{sorudwlrq* ri qryhow| dqg
ch{sorlwdwlrq* ri lqfxpehqw nqrzohgjh wkh vdph zd| dv dq rpqlvflhqw +dqg eh0
qljq, sodqqhu zrxog4; 1 Pruhryhu/ e| uhod{lqj wkh dvvxpswlrq ri k|shu0udwlrqdo
djhqwv zlwk fruuhfw whfkqrorjlfdo h{shfwdwlrqv/ rqh lv dovr deoh wr frqvlghu wkrvh
flufxpvwdqfhv zkhuh froohfwlyh jurzwk �qgv lwv qhfhvvdu| frqglwlrq lq wkh suhv0
hqfh ri d qxpehu ri cluudwlrqdo* hqwuhsuhqhxuv1

6 Wkh Prgho

Wklqn ri d nqrzohgjh edvh +l1h1 d whfkqrorjlfdo sdudgljp, dv d phwdskrulfdo
clvodqg* rq d vwrfkdvwlf q0glphqvlrqdo odwwlfh +lq wkh iroorzlqj 50glphqvlrqdo iru
vlpsolflw|,1 Hdfk lvodqg lv fkdudfwhul}hg e| g|qdplf lqfuhdvlqj uhwxuqv/ dvvrfl0
dwhg wr nqrzohgjh0dffxpxodwlrq/ zklfk gulyh wkh h{sorlwdwlrq ri dq| nqrzohgjh
edvh1 Krzhyhu/ qrwlrqdoo| xqolplwhg rssruwxqlwlhv h{lvw1 Khqfh/ dw hdfk srlqw
lq wlph/ �upv pljkw lqwurgxfh lq wkh v|vwhp cudglfdo* lqqrydwlrqv/ zkloh/ dv
wlph jrhv wr lq�qlw|/ zkdwhyhu hfrqrplf shuirupdqfh phdvxuh pd| jr wr lq�q0
lw| dv zhoo1 Pruhryhu/ zh dvvxph wkdw lqglylgxdo h�ruwv ri ch{sorudwlrq* vorzo|
|lhog d froohfwlyh h{whuqdolw|/ yld/ �uvw/ gl�xvlrq ri nqrzohgjh/ dqg/ vhfrqg/
clqfuhphqwdo* lpsuryhphqwv xsrq vshfl�f nqrzohgjh edvhv4<1

4;Exw dq| dfwxdo sodqqhu/ wrr/ zrxog idoo zhoo vkruw ri wkdw vwdqgdug/ ehlqj htxdoo| ljqrudqw
ri orqj0uxq ohduqlqj rssruwxqlwlhv1

4<Wkh glvwlqfwlrq ehwzhhq *lqfuhphqwdo* dqg *udglfdo* whfkqlfdo surjuhvv +l1h1 ehwzhhq
sdudgljp fkdqjhv dqg zlwklq0sdudgljp lpsuryhphqwv, lv lqfuhdvlqjo| dffhswhg dovr lq rwkhu
prgholqj shuvshfwlyhv= fi1 iru h{dpsoh Fkhqj dqg Glqrsrxorv +4<<5,/ Mrydqrylf dqg Ure
+4<<3,/ Dpdeoh +4<<8,1 Vlploduo|/ wkh lvvxh ri d wlph0frqvxplqj +dqg2ru uhvrxufh0frqvxplqj,
dgdswdwlrq dqg gl�xvlrq lv ehjlqqlqj wr pdnh lqurdgv dovr lqwr htxloleulxp jurzwk prghov=
fi1 Mrydqrylf dqg PfGrqdog +4<<7,/ Mrydqrylf +4<<8, dqg Mrqhv dqg Qhzpdq +4<<7,1 Lq wkh
prgho ehorz zh hvshfldoo| hpskdvl}h *fuhdwlyh ghvwuxfwlrq* dvshfwv ri whfkqrorjlfdo glvfrq0
wlqxlwlhv/ zlwk uhodwlyho| orzhu dwwhqwlrq wr wkh srvvleoh frpsohphqwdulwlhv dprqj wkhp +rq
wklv srlqw/ lq wkh irupdo jurzwk olwhudwxuh/ fi1 D1 \rxqj +4<<6,,1 Krzhyhu/ qrwh wkdw wkh
frpsohphqwdulw| dvshfw lv lpsolflw lq wkh prgho*v dvvxpswlrq wkdw djhqwv duh deoh wr *fduu|
ryhu*/ vr wr vshdn/ sduw ri wkhlu suhylrxv surgxfwlrq vnloov wr qhz nqrzohgjh edvhv1
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Vhdufk +l1h1 h{sorudwlrq ri qhz lvodqgv, dqg lplwdwlrq uhtxluh d uhvrxufh
lqyhvwphqw/ zklfk/ dv d �uvw dssur{lpdwlrq/ lw lv dvvxphg wr eh htxdo wr wkh
rssruwxqlw| frvw ri jhqhudwlqj qr rxwsxw1 Oderu lv wkh rqo| irupdoo| dffrxqwhg
lqsxw 0 dowkrxjk rqh fdq hdvlo| wklqn ri d pxfk kljkhu glphqvlrqdolw| ri wkh
dfwxdo vhdufk dqg surgxfwlrq lqsxw vsdfhv dv xowlpdwho| surmhfwhg lqwr oderu
surgxfwlylw| g|qdplfv1

Lq wklv vslulw/ wkh hfrqrp| lv uhsuhvhqwhg dv d vhw ri surgxfwlrq dfwlylwlhv/
cvsdwldoo|* glvwulexwhg rq wkh 50glphqvlrqdo lqwhjhu odwwlfh C5 @ i4> 5> = = = j5/ dqg
lw lv frpsrvhg ri d �{hg srsxodwlrq ri djhqwv L @ i4> 5> = = = > Qj> Q � 4/ dqg d
frxqwdeoh lq�qlwh qxpehu ri lvodqgv/ lqgh{hg e| m 5 C1 Wkhuh lv rqo| rqh jrrg/
zklfk fdq eh ch{wudfwhg* iurp hyhu| lvodqg1 Wlph lv glvfuhwh dqg wkh jhqhulf
wlph0shulrg lv ghqrwhg e| w 5 C ^ i3j1

Wkh odwwlfh/ l1h1 wkh vhd/ lv hqgrzhg e| wkh cPdqkdwwdq* phwulf g41 Hdfk
qrgh +{> |, 5 C5 fdq eh hlwkhu dq lvodqg ru qrw/ zkloh hdfk lvodqg kdv d vl}h ri
rqh qrgh1 Ohw s+{> |, eh wkh suredelolw| wkdw wkh qrgh +{> |, 5 C5 lv dq lvodqg1
Zh zloo dvvxph wkurxjkrxw wkdw s+{> |, @ �/ doo +{> |, 5 C5/ zkhuh � 5 +3> 4,531

Hdfk lvodqg m 5 C lv frpsohwho| fkdudfwhul}hg e| lwv frruglqdwhv +{m > |m,
lq wkh odwwlfh wrjhwkhu zlwk dq lqlwldo +ru lqwulqvlf, csurgxfwlylw|* frh!flhqw
vm @ v+{m > |m, 5 ?.1

Zlwkrxw orvv ri jhqhudolw|/ zh vxssrvh wkdw/ dw wlph w @ 3/ wkh srsxodwlrq
lv udqgrpo| glvwulexwhg rq d +vpdoo, vhw ri lvodqgv O3 @ i4> 5> ===> c3j 5 C dqg
wkdw surgxfwlylw| frh!flhqwv vm duh xqlirupo| glvwulexwhg zlwk phdq g4+m, @
g4^+{m > |m,` @ {m . |m / m 5 O3/ vr wkdw/ rq dyhudjh/ wkh shuirupdqfh ri d
cplqh* lqfuhdvhv zlwk lwv glvwdqfh iurp wkh ruljlq ri wkh odwwlfh1 Doo djhqwv
duh wkhq lqlwldoo| plqlqj lqvlgh wkh vpdoohvw er{ frqwdlqlqj lvodqgv lq O3/ l1h1
E3 @ i+{> |, 5 C5 = { � {�3 dqg | � |�3j/ zkhuh {�3 @ pd{ i{m > m 5 O3j
dqg |�3 @ pd{ i|m > m 5 O3j541 Lq Ilj14 d yhu| vlpsoh h{dpsoh ri d frqfhlydeoh
lqlwldo frq�jxudwlrq ri wkh hfrqrp| lv ghslfwhg lq rughu wr pdnh fohduhu wkh
deryh dvvxpswlrqv1

Ilqdoo|/ dvvxph wkdw hdfk djhqw l 5 L kdv dq h{rjhqrxvo| ghwhuplqhg zloo0
lqjqhvv wr h{soruh gh�qhg e| wkh vfdodu �l 5 ^3> 4`1

614 G|qdplfv dqg Hqgrjhqrxv Qryhow|

Ohw xv wxuq qrz wr ghvfuleh krz wkh hfrqrp| hyroyhv1 Dw wlph w @ 4> 5> = = =
hdfk djhqw fdq eh lq rqh ri wkuhh gl�huhqw vwdwhv/ qdpho| eh d cplqhu*/ dq
ch{soruhu* ru dq clplwdwru*1 Ohw dl>w wkh vwdwh ri djhqw l 5 L dw wlph w/ zkhuh
dl>w 5 icpl*> ch{*> clp*j/ dqg ghqrwh e| m 5 C wkh lvodqg fxuuhqwo| rffxslhg e|
wkh cplqhu* l 5 L/ l1h1 wkh djhqw l 5 L vxfk wkdw dl>w @ cpl*1

Djhqwv duh doorzhg +zlwk d fhuwdlq suredelolw|, wr ohdyh wkh lvodqg wkh| duh
zrunlqj rq/ judgxdoo| h{soruh wkh odwwlfh durxqg dqg/ srvvleo|/ glvfryhu suhyl0
rxvo| xqh{sorlwhg +dqg srvvleo| pruh surgxfwlyh, lvodqgv1 Lq rughu wr looxvwudwh
krz wklv lv fdswxuh lq d irupdo zd|/ zh qhhg vrph dgglwlrqdo qrwdwlrq1

Ghqrwh e| pw+{m > |m, wkh qxpehu ri plqhuv zrunlqj rq lvodqg m 5 C dw wlph
w1 Wkhq/ gh�qh dq lvodqg m 5 C wr eh cnqrzq* dw wlph w li p� +{m > |m, A 3 iru dw
ohdvw d � = 3 � � � w/ l1h1 li lw fxuuhqwo| kdv vrph shrsoh rq lw ru li lw zdv vr dw

53 Lq Vhfwlrq :15 wklv dvvxpswlrq zloo eh krzhyhu uhod{hg1
54Wklv grhv qrw phdq/ krzhyhu/ wkdw lvodqgv � ' �c 2c � � � +erwk lq uf dqg lq ] 3 uf, duh

vruwhg +lq vrph zd|, e| wkhlu glvwdqfh iurp wkh ruljlq1
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ohdvw vrph �qlwh wlph lq wkh sdvw1 Dffruglqjo|/ ohw wkh vhw ri fxuuhqwo| cnqrzq*
lvodqgv eh jlyhq e|=

Ow @ im 5 C = < 3 � � � w = p� +{m > |m, A 3j +4,

Dprqj doo nqrzq lvodqgv/ ohw xv fdoo cfrorql}hg* wkrvh fxuuhqwo| h{sorlwhg/
l1h1 doo m 5 Ow = pw+{m > |m, A 31 Frqyhuvho|/ doo lvodqgv lq C � Ow zloo eh fdoohg
cxqnqrzq*/ vlqfh qr djhqw kdv suhylrxvo| h{sorlwhg wkhp1 Ixuwkhupruh/ ghqrwh
wkh fduglqdolw| ri Ow e| cw dqg wkh fxuuhqw orfdwlrq lq wkh odwwlfh ri djhqw l 5 L e|
wkh sdlu +{l>w> |l>w,1 Ilqdoo|/ vlploduo| wr O3/ frqvlghu wkh vpdoohvw er{ frqwdlqlqj
doo lvodqgv lq Ow/ l1h1 ohw

Ew @ i+{> |, 5 C5 = { � {�w dqg | � |�w j +5,

zkhuh {�w @ pd{i{m > m 5 Owj dqg |�w @ pd{i|m > m 5 Owj1 Vlqfh wkh qrgh
e�w � +{�w > |

�
w , zloo rqo| frlqflgh e| fkdqfh zlwk d cnqrzq* lvodqg/ zh fdq wklqn ri

e�w mxvw dv d csur{|* ri wkh prvw h!flhqw lvodqg +l1h1 wkh ehvw sudfwlfh, fxuuhqwo|
h{sorlwhg e| wkh djhqwv55 1

Wkh prgho doorzv iru dq hqgrjhqrxv g|qdplfv rq wkh vhw Ow dqg/ frqvh0
txhqwo| rq wkh er{ Ew/ lq wkh vhqvh wkdw Ow fkdqjhv wkurxjk wlph ehfdxvh ri wkh
dfwlrqv ri djhqwv lq L1 D fuxfldo glvwlqfwlrq kdv wr eh pdgh khuh ehwzhhq zkdw
zh zloo fdoo wkh cfxuuhqwo| uhdol}hg* hfrqrp| dqg wkh hfrqrp| wrxw frxuw1 Dv wkh
er{ Ew frqwdlqv doo h{sorlwhg whfkqrorjlhv xs wr wlph w/ lw wkhuhiruh uhsuhvhqwv
d sur{| ri zkdw lv dfwxdoo| dw glvsrvdo ri wkh hfrqrp|/ l1h1 wkh fxuuhqw vhw ri
cixqgdphqwdov* ru wkh cuhdol}hg hfrqrp|*1

Krzhyhu/ rxwvlgh Ew wkhuh lv d zkroh 0 hyhqwxdoo| ehwwhu 0 zruog zdlwlqj wr eh
glvfryhuhg1 Wkh prgho ghslfwv suhflvho| wkh surfhvv ri wkh judgxdo hqgrjhqrxv
glvfryhu| ri wkh hfrqrp| e| wkh djhqwv wkhpvhoyhv1 Khqfh/ jlyhq wkh hqgrjhqrxv
qdwxuh ri lqqrydwlrq2lplwdwlrq dfwlylwlhv/ lw lv fuxfldo wr dffrxqw iru wkh surfhvv
e| zklfk djhqwv lq gl�huhqw vwdwhv pdnh cfuxfldo ghflvlrqv*/ l1h1 luuhyhuvleoh
fkrlfhv wkdw fkdqjh iruhyhu wkh hfrqrplf hqylurqphqw561 Ohw xv frqvlghu wkh
surgxfwlrq surfhvv/ �uvw1

615 Surgxfwlrq

D cplqhu* l 5 L fxuuhqwo| orfdwhg rq lvodqg m 5 Ow zlwk fr0ruglqdwhv +{m > |m,/
zloo qhfhvvdulo| jhw/ dw qr frvw/ d +jurvv, rxwsxw tl>w dffruglqj wr wkh vlpsoh
surgxfwlrq ixqfwlrq=

tl>w @ v+{m > |m,^pw+{m > |m,`
��4 +6,

zkhuh v+{m > |m, lv wkh lqlwldo csurgxfwlylw|* frh!flhqw gh�qhg deryh/pw+{m > |m,
lv wkh qxpehu ri cplqhuv* fxuuhqwo| zrunlqj rq lvodqg m dqg � A 31 Khqfh/ wkh
fxuuhqw wrwdo +jurvv, rxwsxw ri lvodqg m 5 Ow dqg wkh hfrqrp| wrwdo +jurvv,
rxwsxw +JQS, zloo eh=

55Xqolnh prvw qhrfodvvlfdo prghov/ jhqhudoo| edvhg rq whfkqlfdo fkdqjh hperglhg lq gl�huhqw
ylqwdjhv ri htxlsphqw 0 fi1 Vrorz +4<93, dqg Ndogru dqg Pluuohhv +4<95, 0 dw dq| jlyhq prphqw
lq wlph wkhuh lv qr d vlqjoh ehvw0sudfwlfh whfkqltxh/ exw pdq| frpshwlqj whfkqrorjlhv orfdwhg
qhdu wkh iurqwlhu ri wkh er{ �|/ vhh dovr Vloyhuehuj hw do1 +4<;;,1

56Vhh dovr Vkdfnoh +4<88, dqg Gdylgvrq +4<<9, iru vrph klqwv lq d vlplodu vslulw1
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Tw+{m > |m, @ v+{m > |m,^pw+{m > |m,`
� +7,

dqg

Tw @
[
m5Ow

Tw+{m > |m, +8,

Lq sulqflsoh/ wkuhh cuhwxuqv wr vfdoh* +UWV, uhjlphv fdq eh gh�qhg/ qdpho|=
+l, 3 ? � � 4/ UWV duh lqglylgxdoo| qhjdwlyh dqg whfkqrorjlfdoo| ghfuhdvlqj> +ll,
4 ? � � 5/ UWV duh lqglylgxdoo| ghfuhdvlqj exw whfkqrorjlfdoo| lqfuhdvlqj> dqg/
�qdoo|/ +lll, li � A 5/ UWV duh erwk lqglylgxdoo| dqg whfkqrorjlfdoo| lqfuhdvlqj1
Lq wkh iroorzlqj/ krzhyhu/ zh zloo pdlqo| irfxv rq whfkqrorjlfdoo| lqfuhdvlqj
UWV/ l1h1 rq fdvhv +ll, dqg +lll, +fi1 dovr Vhfwlrq 814,1

616 H{sorudwlrq dqg Lqqrydwlrq

Dw wlph w/ hdfk plqhu kdv wkh rssruwxqlw| wr ehfrph ch{soruhu*1 Iru wkh vdnh
ri vlpsolflw|/ zh zloo dvvxph khuh wkdw wklv kdsshqv zlwk suredelolw| �l @ �/ iru
doo l 5 L zklfk duh lq wkh vwdwh ri cplqhu*571 Dv vrrq dv d cplqhu* fxuuhqwo|
zrunlqj rq lvodqg m 5 Ow ghflghv wr ehfrph ch{soruhu* +l1h1 dl>w.4 @ ch{*,/ lw
ohdyhv lwv lvodqg/ cvdlolqj* durxqg xqwlo lw �qgv dqrwkhu rqh 0 srvvleo| qrw nqrzq1
Qrwlfh wkdw/ xs wr qrz/ zh kdyh qrw hqgrzhg djhqwv zlwk dq| ciruhfdvwlqj* vnloo1
Krzhyhu/ zkhq d cplqhu* ohdyhv lwv lvodqg dw wlph � / zh ohw lw fduu| wkh phpru|
ri wkh odvw rxwsxw zklfk wkh djhqw zdv deoh wr jhw lq wkh vwdwh ri cplqhu* +l1h1
lwv sdvw nqrzohgjh dqg vnloov,/ wkdw lv tl>� 1

Gxulqj wkh vhdufk/ h{soruhu l grhv qrw h{wudfw dq| rxwsxw dqg/ iurp wlph
w. 4 rq/ pryhv wkurxjk wkh odwwlfh iroorzlqj wkh cqdòyh* vwrfkdvwlf uxoh=

Surei+{l>w.4> |l>w.4, @ +{> |,m+{l>w> |l>w,j @

+9,

@

�
4
7 li m{� {l>wm. m| � |l>wm @ 4
3 rwkhuzlvh

doo +{> |, 5 C5

wkdw lv/ dw hdfk wlph shulrg/ wkh ch{soruhu* pryhv iurp lwv fxuuhqw qrgh
+{l>w> |l>w, e| udqgrpo| vhohfwlqj rqh rxw ri wkh irxu dgmdfhqw qrghv1 Wklv vlpsoh
ehkdylrudo uxoh lpsolhv wkdw/ iru dq| +�> #, 5 C5=

Surei+{l>w> |l>w, @ +{3	�> |3	#,m+{l>3> |l>3, @ +{3> |3,j @

+:,

@

� �
w

w.g

5

��
w

w.f

5

�
7�w li w � g dqg ^+w> g, rgg ru +w> g, hyhq`

3 li w A g ru +w rgg dqg g hyhq, ru +g rgg dqg w hyhq,

57 Lq Vhfwlrq :16 wklv dvvxpswlrq zloo eh uhod{hg/ doorzlqj iru khwhurjhqhrxv zloolqjqhvv wr
h{soruh1
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zkhuh f @ m� �#m 5 C dqg g @ � . # 5 C1 Qrwlfh wkdw zh duh dvvxplqj wkdw
djhqwv duh qrw dzduh ri wkh idfw wkdw lvodqgv duh +rq dyhudjh, pruh dqg pruh
surgxfwlyh wkh ixuwkhu dzd| rqh jrhv iurp wkh ruljlq ri wkh odwwlfh1 Lqghhg/ wkh
h{shfwhg glvwdqfh iurp wkh vwduwlqj lvodqg diwhu n shulrgv ri h{sorudwlrq lv 3/ dv
e| +:,= H^+{l>w.n> |l>w.n,m+{l>w> |l>w,` @ +{l>w> |l>w,1

Wkh qhz orfdwlrq ri wkh h{soruhu +{l>w.4> |l>w.4, pljkw reylrxvo| eh= +l, cvhd*>
+ll, d cnqrzq* lvodqg m 5 Ow> +lll, d cqhz* lvodqg m 5 CqOw1 Lq wkh �uvw fdvh/
l1h1 +{l>w.4> |l>w.4, 9@ +{m > |m, iru doo m 5 C/ zh vwloo kdyh dl>w.4 @ ch{* dqg
wkh h{sorudwlrq jrhv rq1 Lq wkh vhfrqg fdvh/ wkhuh zloo eh d m 5 Ow vxfk wkdw
+{l>w.4> |l>w.4, @ +{m > |m, dqg khqfh wkh h{soruhu l 5 L ehfrphv plqhu rq m 5 Ow/
l1h1 dl>w.4 @ cpl*1

Wkh wklug fdvh lv wkh prvw lpsruwdqw1 Vxssrvh/ iru vlpsolflw|/ wkdw dw wlph
w hdfk h{soruhu lv doorzhg wr �qg qhz lvodqgv rqo| rxwvlgh wkh er{ Ew

58 1 Dv
vwdwhg deryh/ wkh qrgh rffxslhg e| wkh ch{soruhu* l 5 L dw wlph w . 4 frxog eh
d cqhz* lvodqg zlwk suredelolw| �1 Lq fdvh ri glvfryhu|/ wkh qhz lvodqg m� zlwk
fr0ruglqdwhv +{m� > |m�, @ +{l>w.4> |l>w.4, lv dgghg wr wkh vhw ri cnqrzq* lvodqgv/
l1h1 Ow.4@Ow^im�j dqg cw.4 @ cw.41 Pruhryhu/ erwk wkh vhw E+=, dqg wkh cehvw
sudfwlfh* sur{| +{�+=,> |

�
+=,, duh dffruglqjo| xsgdwhg1

617 Sdwk0Ghshqghqfh dqg �Ruglqdu|* yv1 �H{wudruglqdu|*
Glvfryhulhv

Lq wkh prgho zh doorz glvfryhulhv wr eh hlwkhu cruglqdu|* ru/ wr gl�huhqw h{whqwv/
ch{wudruglqdu|*1 Lq rughu wr fdswxuh wkh glvwlqfwlrq iurp wkh lqqrydwlrq olwhud0
wxuh ehwzhhq lqqrydwlrqv zlwklq h{lvwlqj nqrzohgjh edvhv dqg wkh lqwurgxfwlrq
ri udglfdoo| qhz cwhfkqrorjlfdo sdudgljpv* +Grvl +4<;5,,/ wkh clqlwldo* surgxfwly0
lw| frh!flhqw ri d cqhz* lvodqg m� glvfryhuhg e| wkh ch{soruhu* l 5 L fduu|lqj wkh
rxwsxw phpru| tl>� / zloo eh jlyhq e|=

vm� @ v+{m� > |m�, @ +4 .Z , � ig4^+{m� > |m�,` . * � tl>� .'j +;,

zkhuh g4^+{m� > |m�,` @ {m� . |m� lv/ dv xvxdo/ wkh glvwdqfh ri m� iurp +3> 3,>Z
lv d udqgrp yduldeoh glvwulexwhg dv d Srlvvrq zlwk phdq � A 3> ' lv d xqlirupo|
glvwulexwhg udqgrp yduldeoh/ lqghshqghqw ri Z / zlwk phdq }hur dqg yduldqfh
�' dqg/ �qdoo|/ * 5 ^3> 4`1 Wkh lqwhusuhwdwlrq ri Ht1 +;, lv vwudljkwiruzdug1
Wkh lqlwldo surgxfwlylw| ri d cqhz* lvodqg ghshqgv rq irxu idfwruv/ qdpho|= +l,
lwv glvwdqfh iurp wkh ruljlq +dv iru lqlwldo lvodqgv,> +ll, d fxpxodwlyh ohduqlqj
h�hfw gluhfwo| olqnhg wr wkh sdvw cvnloov* ri wkh glvfryhuhu/ l1h1 * � tl>� > +lll, d
udqgrp yduldeoh Z zklfk doorzv orz suredelolw| cmxpsv*/ wkdw lv/ fkdqjhv lq
whfkqrorjlfdo sdudgljpv59> +ly, d vwrfkdvwlf l1l1g1 }hur0phdq qrlvh '1

Wzr frqvlghudwlrqv duh lq rughu1 Iluvw/ wkh phfkdqlvp wkurxjk zklfk lq0
qrydwlrqv duh lqwurgxfhg lq wkh hfrqrp| lv erwk sdwk0ghshqghqw +vhh Duwkxu
+4<<7,, dqg lq xhqfhg e| udqgrp +vpdoo, hyhqwv +fi1 Duwkxu +4<;<, dqg Gdylg
+4<<5d/e,,1 Rq rqh kdqg/ d odujh * lpsolhv wkdw pruh vnloohg ch{soruhuv* +l1h1

58Wklv lv qrw d qhfhvvdu| dvvxpswlrq/ krzhyhu1 Dv zh zloo vhh ehorz/ wkh hfrqrp| lv
qdwxudoo| gulyhq/ dowkrxjk rqo| rq dyhudjh/ wrzdug pruh h!flhqw lvodqgv e| wkh surfhvv ri
gl�xvlrq ri lqirupdwlrq/ vr wkdw wkh hyhqw ri �qglqj d qhz lvodqg lqvlgh u| lv lq idfw luuhohydqw
lq rxu ghvfulswlrq1

59Dv kdsshqv lq Qhovrq dqg Zlqwhu +4<;5, ru Vloyhuehuj dqg Yhuvsdjhq +4<<7,/ lqqrydwlrq
lv d orfdo surfhvv1
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pruh h!flhqw sdvw cplqhuv*, duh olnho| wr glvfryhu pruh surgxfwlyh lvodqgv dqg
wr surgxfh pruh lq wkh ixwxuh/ wkdqnv wr d vruw ri cohduqlqj0wr0ohduq* phfkdqlvp
+fi1 Vwljolw} +4<;:,,1 Pruhryhu/ wkh vwrfkdvwlf qdwxuh ri lqqrydwlrq/ wrjhwkhu
zlwk lqfuhdvlqj uhwxuqv dvvrfldwhg zlwk ohduqlqj e| grlqj +dv lq Duurz +4<95,
dqg Sduhqwh +4<<7,,/ doorz hyhq cruglqdu|* glvfryhulhv wr gulyh wkh surfhvv ri
jurzwk1 Vhfrqg/ qrwlfh wkdw/ dv e| lqghshqghqfh=

Hv+{m� > |m�, @ +4 . �,^+{m� . |m�, . * � tl>� ` +<,

wkhq/ rq dyhudjh/ d odujhu � ohwv ch{wudruglqdu|* glvfryhulhv wr eh pruh olnho|
lq wkh hfrqrp|1 Wkh sdudphwhu �/ wrjhwkhu zlwk �/ duh phdvxuhv ri wkh ghjuhh ri
qrwlrqdo crssruwxqlwlhv*1 Lqghhg/ d odujh � ohwv/ lq h{shfwdwlrq/ wkh surgxfwlylw|
ri d qhzo| glvfryhuhg lvodqg wr eh vhqvleo| odujhu wkdq wkrvh dvvrfldwhg wr wkh
fxuuhqwo| cnqrzq* lvodqgv> olnhzlvh/ d odujhu � lpsolhv d odujhu dyhudjh qxpehu
ri shu0shulrg glvfryhulhv1

618 Lqwhudfwlrqv/ Gl�xvlrq ri Nqrzohgjh dqg Lplwdwlrq

Gxh wr wkh xqfhuwdlqw| ri wkh h{sorudwlrq surfhvv dqg wr zlwklq0lvodqg g|0
qdplf lqfuhdvlqj uhwxuqv/ wkh v|vwhp surylghv dq lqfhqwlyh iru erwk cplqhuv*
dqg ch{soruhuv* wr lplwdwh wkh prvw surgxfwlyh lvodqgv h{lvwlqj lq wkh cfxuuhqwo|
uhdol}hg* hfrqrp|1 Lq wkh prgho zh irupdol}h d surfhvv ri orfdo gl�xvlrq ri
nqrzohgjh zklfk wulhv wr fdswxuh vrph edvlf ihdwxuhv ri hpslulfdoo| revhuyhg
sdwwhuqv ri lplwdwlrq dqg gl�xvlrq5:1

Ohw pw eh wkh qxpehu ri cplqhuv* fxuuhqwo| suhvhqw lq wkh hfrqrp|1 Dw
wlph w/ wkh djhqwv plqlqj rq hdfk cfrorql}hg* lvodqg m 5 Ow gholyhu d vljqdo
zklfk lv lqvwdqwdqhrxvo| vsuhdg doo durxqg1 Vljqdov duh fkdudfwhul}hg e| dq
lqwulqvlf lqwhqvlw| sursruwlrqdo wr wkh vkduh ri plqhuv suhvhqw rq m 5 Ow 0 l1h1
pw+{m > |m,@pw 0 dqg d frqwhqw jlyhq e| wkh dfwxdo surgxfwlylw| ri wkh lvodqg 0
l1h1 Tw+{m > |m,@pw+{m > |m,1 Pruhryhu/ wkh| ghfd| h{srqhqwldoo| zlwk wkh glvwdqfh
iurp wkh vrxufh/ vr wkdw wkh dfwxdo lqwhqvlw| zlwk zklfk d vljqdo gholyhuhg iurp
+{m > |m, uhdfkhv dq djhqw fxuuhqwo| orfdwhg dw +{> |, lv jlyhq e|=

zw+{m > |m >{> |, @
pw+{m > |m,

pw
h{si��^m{� {m m. m| � |m m`j> � � 3 +43,

D vljqdo gholyhuhg dw +{m > |m, zloo eh uhfhlyhg e| djhqw l orfdwhg dw +{> |,
zlwk d suredelolw| sursruwlrqdo wr zw+{m > |m >{> |,1 Djhqw l zloo wkhq froohfw wkh
cfrqwhqwv* ri doo uhfhlyhg vljqdov +wkrvh frplqj iurp/ vd|/ lvodqgv zkrvh lqglfhv
duh

�
m4> = = = > mhc

� � Ow/ zkhuh hc � cw lv d udqgrp yduldeoh, dqg frqwudvw wkhp
zlwk lwv rzq shuirupdqfh1 Wkh odwwhu lv vlpso| djhqw l*v fxuuhqw surgxfwlylw| li
lw lv d cplqhu* +vd| rq lvodqg m,/ ru wkh cphpru|* rq wkh surgxfwlylw| ri lwv lvodqg
ri ruljlq +vd|/ m,/ li lw lv dq ch{soruhu*1 Khqfh/ lw zloo fkrrvh dprqj wkh hc . 4
dydlodeoh rswlrqv e| gudzlqj dq hohphqw iurp wkh vhw

�
m> m4> = = = > mhc

� � Ow/ zlwk
suredelolwlhv sursruwlrqdo wr wkh dvvrfldwh surgxfwlylwlhv1 Li wkh fkrlfh lv m/ wkhq

5:Vhh iru lqvwdqfh Qhovrq dqg Zlqwhu +4<;5,/ Gdylg +4<:8,> Grvl +4<;;/ 4<<4,/ Iuhhpdq
+4<<7,1 Fi1 dovr/ dorqj wkh vdph olqhv/ Mrydqrylf dqg Ure +4<;<, dqg Mrydqrylf dqg PfGrqdog
+4<<7,1
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lw zloo ghflgh qrw wr lplwdwh dq| lvodqg exw udwkhu wr uhpdlq lq wkh fxuuhqw vwdwh1
Rwkhuzlvh/ lw zloo ehfrph dq clplwdwru* 0 l1h1 dl>w.4 @ clp* 0 dqg lw zloo pryh
wrzdug wkh lplwdwhg lvodqg/ vd| +{3> |3,/ uhdfklqj lw diwhu n @ g4^+{3> |3,> +{> |,` @
m{� {3m . m| � |3m wlph shulrgv 0 l1h1 pdnlqj rqh vwhs shu shulrg dqg iroorzlqj
wkh vkruwhvw sdwk5;1 Ilqdoo|/ rqfh wkh lplwdwhg lvodqg lv uhdfkhg/ lw zloo wxuq
djdlq lwv vwdwh lqwr cplqhu*/ l1h1 dl>w.n.4 @ cpl*1

Wkh surfhvvhv ri surgxfwlrq dqg nqrzohgjh gl�xvlrq jryhuq lqwhudfwlrqv lq
wkh prgho5<1 Iluvw/ djhqwv orfdoo| lqwhudfw lq dq lqgluhfw dqg ghwhuplqlvwlf zd| lq
wkh plqlqj surfhvv1 Wkh sdudphwhu �/ e| wxqlqj g|qdplf lqfuhdvlqj uhwxuqv wr
vfdoh dw wkh lvodqg ohyho/ dovr phdvxuhv wkh vwuhqjwk ri wkh lqfhqwlyhv wr frqyhujh
rq wkh vdph whfkqrorjlhv 0 l1h1 frqiruplvw h�hfwv1 Vhfrqg/ �upv lqwhudfw lq d
gluhfw dqg orfdo zd| e| phdqv ri wkh nqrzohgjh gl�xvlrq surfhvv= rq dyhudjh/
�upv* ehkdylruv duh gluhfwo| d�hfwhg e| wkh vwrfkdvwlf vljqdov frplqj iurp wkrvh
djhqwv zklfk/ rq dyhudjh/ duh fxuuhqwo| forvhvw lq wkh whfkqrorjlfdo vsdfh +l1h1
wkh odwwlfh,1 Khuh/ wkh sdudphwhu � � 3 wxqhv wkh cghjuhh ri orfdolw|* ri wkh
lqwhudfwlrqv= wkh odujhu �/ wkh pruh wkh surfhvv ri gl�xvlrq ri nqrzohgjh lv orfdo/
vlqfh vljqdov zloo whqg wr uhdfk/ lq suredelolw|/ rqo| wkh cqhduhvw qhljkeruv*1 Wzr
h{wuhph fdvhv duh= +l, �@3/ l1h1 lqwhudfwlrqv duh joredo/ dv lqirupdwlrq gl�xvlrq
grhv qrw ghshqg rq wkh glvwdqfh ehwzhhq vrxufh dqg uhfhlyhu> dqg +ll, � @ 4/
l1h1 qr vljqdov duh vsuhdg dqg lqwhudfwlrqv duh vkxw grzq1

Vrph frqvlghudwlrqv duh zruwk qrwlqj1 Wkh prgho/ dv lq pdq| rwkhu corfdo
lqwhudfwlrq* vhwxsv/ dvvxphv wkdw djhqwv* ghflvlrqv +h1j1 zkhwkhu wr lplwdwh ru
qrw/ zklfk whfkqrorj| wr dgrsw/ hwf1, duh d�hfwhg e| vrph ixqfwlrq ri wkh sdvw
fkrlfhv ri wkhlu qhduhvw qhljkeruv +dssursuldwho| zhljkwhg,1 Wkh nlqg ri ghshq0
ghqfh srvwxodwhg lv d vwrfkdvwlf rqh/ lq rughu wr fdswxuh doo wkrvh iudphzrunv
zkhuh hlwkhu lqirupdwlrq lv lpshuihfwo| frqgxflyh ru wkh djhqwv wkhpvhoyhv/ idfhg
zlwk d frpsoh{ hqylurqphqw/ srvvhvv qr dghtxdwh vnloov wr fruuhfwo| pdvwhu wkh
lqirupdwlrq wkh| krog1 Lq rxu prgho/ xqolnh wkh pdmrulw| ri irupdol}dwlrqv lq wkh
olwhudwxuh/ wkh lqwhudfwlrq vwuxfwxuh 0 doehlw uxglphqwdu| 0 grhv fkdqjh lq wlph1
Lq idfw/ dv djhqwv judgxdoo| h{soruh wkh whfkqrorjlfdo vsdfh dqg pryh dfurvv wkh
odwwlfh/ wkh| duh olnho| wr prgli| erwk wkh fduglqdolw| dqg wkh frpsrvlwlrq ri
wkh vhw ri wkhlu cqhljkeruv*/ doorzlqj iru dq hyroylqj lqwhudfwlrq qhwzrun1

619 V|vwhp Yduldeohv/ Wlplqj dqg Lpsohphqwdwlrq

Dw hdfk wlph shulrg w @ 3> 4> 5> === / wkh hfrqrp| lv frpsohwho| fkdudfwhul}hg e|
wkh iroorzlqj plfur yduldeohv1 Dw wkh whfkqrorjlhv +l1h1 lvodqgv, ohyho= +d, wkh
vhw ri cnqrzq* lvodqgv Ow> +e, wkhlu fr0ruglqdwhv i+{m > |m,> m 5 Owj> +f, wkh lqlwldo
surgxfwlylw| frh!flhqwv Vw @ ivm > m 5 Owj1 Frqfhuqlqj djhqwv/ zh gh�qh wkh
pdsslqjv=

Dw = L $ icpl*> ch{*> clp*j
Fw = L $ C5
Rw = L $ ?.

5;Iru wkh vdnh ri vlpsolflw|/ qrwlfh wkdw dq lplwdwru fdqqrw eh uhdfkhg e| dq| rwkhu vljqdo
zkloh frpplwwhg wr d sduwlfxodu ghvwlqdwlrq1

5<Iru d wkrurxjk glvfxvvlrq rq orfdo lqwhudfwlrq prghov lq hfrqrplfv/ vhh Nlupdq +4<<;,
dqg Idjlror +4<<;,1
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uhfruglqj djhqwv* fxuuhqw vwdwhv/ frruglqdwhv dqg lqglylgxdo rxwsxwv1
Wkh pdfur yduldeohv ri lqwhuhvw duh= +l, wkh wulsoh +pw> hw> lw, 5 C6/ pw .

hw . lw @ Q / l1h1 wkh fxuuhqw qxpehu ri cplqhuv*/ ch{soruhuv* dqg clplwdwruv* lq
wkh hfrqrp|> +ll, wkh sdlu +cw> c

F
w , 5 C5 +zkhuh cw lv wkh qxpehu ri fxuuhqwo|

nqrzq lvodqgv dqg cFw � cw lv wkh qxpehu ri wkh frorql}hg rqhv,/ wrjhwkhu zlwk
wkhlu frruglqdwhv dqg wkhlu lqlwldo surgxfwlylw|> +lll, wkh orj ri JQS/ qdpho|
tw @ orjTw1

Wkh wlplqj ri ghflvlrqv dqg hyhqwv rffxuulqj lq d jhqhulf lwhudwlrq +l1h1 lq
wkh wlph lqwhuydo +w � 4> w` , uxqv dv iroorzv1 Iluvw/ jlyhq pdfur dqg plfur
v|vwhp yduldeohv dw wlph w�4/ djhqwv wdnh wkhlu ghflvlrqv= plqhuv xsgdwh rxwsxw
dqg fkrrvh zkhwkhu wr vwduw vhdufklqj> h{soruhuv vhohfw wkh qh{w sruwlrq ri wkh
odwwlfh wr h{soruh +dqg/ srvvleo|/ wkh| �qg d qhz lvodqg,> lplwdwruv frqwlqxh
wr dssurdfk wkh whfkqrorjlhv wkh| kdyh fkrvhq wr dgrsw1 Wklug/ lqwhudfwlrqv
wdnh sodfh wkurxjk lqirupdwlrq gl�xvlrq1 Ilqdoo|/ doo wlph0w v|vwhp yduldeohv
duh dffruglqjo| xsgdwhg dqg wkh qh{w lwhudwlrq vwduwv1

Wkh prgho lv dq h{dpsoh ri d vr0fdoohg cduwl�fldo hfrqrp|*631 Xqohvv wkh
irfxv lv qrw rq sduwlfxodu vwdwlrqdu| fdvhv 0 dv lq Vhfwlrq 714 ehorz 0 rqh lv
erxqg wr dqdo|}h lwv pdlq surshuwlhv e| uhvruwlqj wr frpsxwhu vlpxodwlrqv1
Dqdo|wlfdo vroxwlrqv duh qrw lqghhg dfklhydeoh iru wkh ixoo0 hgjhg irup/ ehfdxvh
ri wkh xqghuo|lqj frpsolfdwlrq ri wkh vwrfkdvwlf surfhvvhv xsgdwlqj plfur 0 dqg
dffruglqjo| pdfur 0 v|vwhp yduldeohv1 Lq Dsshqgl{ 4/ wkh svhxgr0frgh ri wkh
lpsohphqwhg frpsxwhu surjudp lv uhsruwhg/ wrjhwkhu zlwk wkh olvw ri doo uhohydqw
yduldeohv641

Lq wkh qh{w vhfwlrqv zh zloo suhvhqw dq h{whqvlyh dqdo|vlv ri vlpxodwlrq uh0
vxowv1 Wkh irfxv zloo eh rq wkh djjuhjdwh surshuwlhv ri wkh vlpxodwhg wlph0vhulhv
ri wkh orj ri JQS/ l1h1 t+$, @ iorjTw> w @ 3> 4> ===> W >$j/ zkhuh $ lv d srlqw lq
wkh sdudphwhu vsdfh 
/ wkdw lv=

$ 5 
 � i+�> *> �> �> �> �>Q> W , 5 ?6
. � ^3> 4`6 � C5j +44,

Wr ehjlq zlwk/ zh zloo dqdo|}h krz wkh prgho ehkdyhv lq vrph cehqfkpdun*
sdudphwul}dwlrqv/ lq rughu wr dvvhvv wkh uroh sod|hg e| nqrzohgjh0vshfl�f lq0
fuhdvlqj uhwxuqv/ lplwdwlrq dqg h{sorudwlrq lq wkh g|qdplfv ri wkh hfrqrp|1
Lq sduwlfxodu/ zh zloo vwduw e| dgguhvvlqj wkh txhvwlrq ri zkhwkhu wkh prgho lv
deoh wr glvsod| vhoi0rujdql}hg sdwwhuqv ri shuvlvwhqw jurzwk dqg 0 li vr 0 xqghu
zklfk ehkdylrudo dqg v|vwhp sdudphwul}dwlrqv +hvshfldoo| frqfhuqlqj wkh ghjuhh
ri crshq0hqghgqhvv* ri wkh hfrqrp|/ dv zhoo dv lqqrydwlrq dqg gl�xvlrq udwhv,1

63Fi1 Odqh +4<<6d/e,1 Wkh fkrlfh wr odeho dv *duwl�fldo* doo hfrqrplf prghov lpsohphqwhg
dqg uxq rq d frpsxwhu frxog eh krzhyhu fulwlfl}hg/ dw ohdvw li wkh whup lv hpsor|hg zlwk
lwv frpprq phdqlqj +vrphwklqj *qrw jhqxlqh*,1 Li/ rq wkh frqwudu|/ rqh lqwhusuhwv wkh odeho
*duwl�fldo* lq dqrwkhu ri lwv dffhswdwlrq +l1h1 *pdgh lq lplwdwlrq ri vrphwklqj h{lvwlqj lq
qdwxuh*,/ wkhq lw vlpso| erlov grzq wr wkh yhu| gh�qlwlrq ri dq +hfrqrplf, *prgho*1 Wkh vdph
dujxphqw dovr dssolhv wr wkh vr0fdoohg *duwl�fldoo| dgdswlyh djhqwv* prghov/ fi1 iru h{dpsoh
D{whoo dqg Hsvwhlq +4<<7,/ Kroodqg dqg Ploohu +4<<4,/ Duwkxu +4<<6,1

64 Lw lv qrw srvvleoh/ ri frxuvh/ wr surylgh khuh dq ryhuylhz ri phwkrgrorjlfdo +dqg sklorvrsk0
lfdo, lvvxhv lqyroyhg lq frpsxwhu vlpxodwhg hfrqrplf prghov/ dv zhoo dv d glvfxvvlrq rq wkh
uhodwlyh phulwv ri vlpxodwhg dqg dqdo|wlfdoo| vroydeoh prghov1 Rq wkhvh wrslfv/ vhh Qhovrq dqg
Zlqwhu +4<::,/ Odqh +4<<6d/e,/ Vloyhuehuj dqg Yhuvsdjhq +4<<8e, dqg Ohlmrqkxiyxg +4<<9,1
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7 Wkh Hphujhqfh ri Vhoi0Vxvwdlqlqj Jurzwk =
Forvhg yv1 Rshq0Hqghg Hfrqrplhv

D nh| ihdwxuh ri wkh prgho uhvlghv lq lwv delolw| wr doorz iru dq hqgrjhqrxv
hyroxwlrq ri wkh vhw ri ixqgdphqwdov ri wkh hfrqrp|1 Exw/ lq wkh �uvw sodfh/
zkdw zrxog kdsshq li rqh erxqgv/ wr vrph h{whqw/ wkh g|qdplfv jryhuqlqj wkh
surjuhvvlyh hqodujhphqw ri wkh whfkqrorjlfdo iurqwlhu B Sxw lw gl�huhqwo|/ lv wkh
hfrqrp| deoh wr jhqhudwh sdwwhuqv ri vhoi0vxvwdlqlqj djjuhjdwh jurzwk li rqh
frqvlghuv vwdwlrqdu| hqylurqphqwv zkhuh djhqwv ehkdyh rq wkh jurxqgv ri dq
xqfkdqjhdeoh vhw ri ixqgdphqwdov B

Lq rughu wr dqvzhu wkhvh txhvwlrqv/ zh zloo vwduw e| dqdo|}lqj wkh ehqfkpdun
fdvh ri d forvhg hfrqrp| +l1h1 rqh lq zklfk Ow � O>;w,1 Wklv zloo eh grqh e|
irfxvvlqj rq wzr glvwlqfw vhwxsv1 Lq wkh �uvw rqh/ lw zloo eh dvvxphg qr srvvlelolw|
ri h{sorudwlrq +dqg khqfh lqqrydwlrq, zkdwvrhyhu/ l1h1 �l @ � � 3>;l 5 L1
Wkhuhiruh/ djhqwv zloo rqo| eh vxssrvhg wr h{fkdqjh lqirupdwlrq derxw dq lqlwldo/
�{hg vhw ri whfkqrorjlhv dqg hyhqwxdoo| h{sorlw wkhp/ exw wkh| zloo qrw eh deoh
wr hqgrjhqrxvo| lqwurgxfh lqqrydwlrqv lq wkh v|vwhp1 Lq wkh vhfrqg vhwxs/
h{sorudwlrq +dv zhoo dv lqirupdwlrq gl�xvlrq, zloo eh shuplwwhg/ exw rqo| lqvlgh
wkh lqlwldo cuhdol}hg hfrqrp|*1 Lq rwkhu zrugv/ plqhuv fdq ehfrph h{soruhuv zlwk
vrph suredelolw| �l @ � A 3/ exw wkh| duh rqo| deoh wr cvdlo* zlwklq wkh er{ E31

Wkhq/ zh zloo wxuq rxu dwwhqwlrq edfn wr wkh pruh jhqhudo fdvh ri crshq0
hqghg* hfrqrplhv lq zklfk djhqwv fdq wr lqwurgxfh lqqrydwlrqv lq wkh v|vwhp1

714 D Forvhg Hfrqrp| zlwkrxw H{sorudwlrq

Zkhq �l @ � � 3/ doo l 5 L/ wkh prgho doorzv dq dqdo|wlfdo wuhdwphqw1 Zlwkrxw
orvv ri jhqhudolw|/ dvvxph wkdw wkh hfrqrp| lv frpsrvhg ri wzr lvodqgv/ l1h1
mO3m @ c3 @ 51 Lq wklv fdvh zh fdq qhjohfw dq| vsdwldo frqvlghudwlrq e| dvvxplqj
wkdw wkh surgxfwlylw| frh!flhqwv +v4> v5, 5 ?5

. dovr uhsuhvhqw wkh whfkqrorjlfdo
glvwdqfh ehwzhhq lvodqgv651 Pruh suhflvho|/ ohw +v4> v5, @ +4> v,> v 5 C/ dqg
vxssrvh wkdw li d plqhu zrunlqj rq lvodqg m 5 i4> 5j dw wkh ehjlqqlqj ri wlph
w � v ghflghv wr lplwdwh lvodqg m3 9@ m/ wkhq kh zloo uhdfk m3 dw wkh hqg ri wlph
w� 4 dqg vwduw surgxflqj dw wlph w66 1

Lq wklv vlpsoh vhwwlqj/ lvodqg 5 sod|v wkh uroh ri wkh cehvw sudfwlfh* iru v � 5/
zkloh wkh fdvh v @ 4 ghslfwv wkh ehqfkpdun fdvh ri krprjhqhrxv whfkqrorjlhv671
Khuh/ wkh g|qdplfv ri wkh hfrqrp| lv hqwluho| gulyhq e| wkh surfhvv ri lqiru0
pdwlrq gl�xvlrq +vhh Vhfwlrq 618, xqwlo rqh rxw ri wkh wzr whfkqrorjlhv/ vd| m/
pdqdjhv wr fdswxuh doo Q djhqwv1 Lq wkdw fdvh/ wkh hfrqrp| zrxog orfn0lq dw wkh
vwhdg| vwdwh zkhuh wrwdo rxwsxw lv T� @ vmQ

�1 Dv lqwxlwlrq vxjjhvwv/ krzhyhu/
sdwk0ghshqghqf| hqwdlohg e| lqfuhdvlqj uhwxuqv zloo whqg wr gulyh doo djhqwv/
wkurxjk zdyhv ri lplwdwlrq/ wrzdug wkh lvodqg zlwk wkh dfwxdo +qrw lqlwldo, ehvw

65Zkhq h{sorudwlrq lv vkxw grzq dqg rqo| lqirupdwlrq gl�xvlrq gulyhv wkh g|qdplfv ri
wkh hfrqrp|/ wkh wzr0glphqvlrqdo odwwlfh vwuxfwxuh 0 zklfk surylghv dq dgglwlrqdo xqghuo|lqj
vrxufh ri whfkqrorjlfdo glvwdqfhv 0 lv lqghhg uhgxqgdqw1 Wklv lv qrw wuxh/ krzhyhu/ lq wkh
ixoo0 hgjhg prgho1

66 Lq rwkhu zrugv/ wkh sdudphwhu r uhsuhvhqwv wkh qxpehu ri wlph shulrgv dq lplwdwru qhhgv
wr jhw wr wkh dgrswhg whfkqrorj|/ zkloh wkh dfwxdo surgxfwlylw| glvwdqfh ehwzhhq lvodqgv lv
{ ' r3 �1

67Qrwlfh wkdw zkhq r ' �/ wkh lqirupdwlrq gl�xvlrq udwh 4 sod|v qr uroh/ dv wkh lqirupdwlrq
lv vsuhdg dqg uhfhlyhg lqvwdqwdqhrxvo|1 Pruhryhu/ qr lplwdwruv duh suhvhqw lq wkh hfrqrp|1
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surgxfwlylw|/ wkhuhiruh lpso|lqj qrq0hujrglflw| lq wkh vwrfkdvwlf surfhvv jry0
huqlqj rxwsxw hyroxwlrq dqg/ frqvhtxhqwo|/ srwhqwldo lqh!flhqf|1

Pruh irupdoo|/ lw fdq eh suryhq wkh iroorzlqj=

Sursrvlwlrq
Frqvlghu wkh vwrfkdvwlf surfhvv P w @ i+P4w>P5w,> w � 4j/ zkhuh Pmw lv wkh

udqgrp yduldeoh= �qxpehu ri djhqwv cplqlqj* rq lvodqg m dw wlph w�/ m 5 i4> 5j1
Jlyhq dq| lqlwldo glvwulexwlrq S3 rq P43 zlwk vxssruw i3> 4> = = = > Q � 4> Qj/
P53 @ Q �P43/ wkhq/ iru dq| +�> �, 5 ?5

.=

41 P w lv d Pdunry surfhvv zlwk glvfuhwh vwdwh vsdfh i+p4w>p5w, 5 i3> 4> = = =
>Qj5 = p4w .p5w � Qj>

51 Li v @ 4 wkhq P w lv d vwdwlrqdu|/ qrw luuhgxfleoh/ Pdunry fkdlq glvsod|lqj
wzr devruelqj vwdwhv p. @ +3> Q, dqg p� @ +Q> 3,>

61 Li v � 5 wkhq P w lv d qrq0vwdwlrqdu| Pdunry surfhvv zlwk wzr devruelqj
vwdwhv p. @ +3> Q, dqg p� @ +Q> 3,1

Surri1 Vhh Dsshqgl{ 51

Wkh deryh Sursrvlwlrq vlpso| vwdwhv wkdw/ iru dq| v 5 C/ wkh hfrqrp| zloo
eh xowlpdwho| devruehg hlwkhu lq wkh h!flhqw rxwfrph T�. @ vQ� ru lq wkh
lqh!flhqw rqh T�� @ Q� � vQ�1 Lq rughu wr fkdudfwhul}h wkh suredelolwlhv ri
devruswlrq lq hlwkhu vwdwh/ ohw xv frqvlghu vrph ghwhuplqlvwlf lqlwldo frqglwlrq
o|lqj lq wkh wudqvlhqw vhw/ l1h1 p43 @ p3 5 i4> = = = > Q � 4j/ p53 @ Q �p431 Lw
lv wkhq ri lqwhuhvw wu|lqj wr dvvhvv krz wkh suredelolw| ri dq lqh!flhqw orfn0lq
ghshqgv rq wkh whfkqrorjlfdo jds ehwzhhq wkh lvodqg 4 dqg 5 +l1h1 wkh sdudp0
hwhu v,/ rq wkh vwuhqjwk ri lqfuhdvlqj uhwxuqv +�,/ rq wkh vshhg ri lqirupdwlrq
gl�xvlrq +��, dqg/ ri frxuvh/ rq wkh qxpehu ri plqhuv lqlwldoo| dgrswlqj wkh
lqh!flhqw whfkqrorj| +p3,1 Zh kdyh=

Uhvxow
Ohw wkh devruswlrq suredelolw| lq lvodqg 4 +l1h1 wkh lqh!flhqw olplw vwdwh li

v � 5, wr eh gh�qhg dv=

sv�+p3>�> �, @

@ Surei<w� A 4 = ;w � w�>P w @ +Q> 3,mP3 @ +p3> Q �p3,>�> �> vj
iru dq| p43 @ p3 5 i4> = = = > Q�4j1 Wkhq/ hyhu|wklqj hovh ehlqj frqvwdqw68=
41 sv�+p3>�> �, duh qrq0lqfuhdvlqj lq v dqg qrq0ghfuhdvlqj lq p3>

51 Li v @ 4/ wkhq sv�+p3>�> �, duh qrq0lqfuhdvlqj lq � li p3 � Q@5 dqg qrq0
ghfuhdvlqj lq � zkhq p3 � Q@5> li v � 5/ wkhq sv�+p3>�> �, duh dozd|v
qrq0ghfuhdvlqj lq �1

68Xqiruwxqdwho|/ devruswlrq suredelolwlhv fdqqrw eh frpsxwhg h{solflwo| +vhh Dsshqgl{ 5,1
Krzhyhu/ zkhq r ' � rqh fdq wdexodwh wkhp e| phdqv ri qxphulfdo dqdo|vhv1 Prqwhfduor
whfkqltxhv pxvw lqvwhdg eh xvhg zkhq r D 2 wr hvwlpdwh erwk devruswlrq suredelolwlhv dqg
dyhudjh devruswlrq wlphv1
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61 sv�+p3>�> �, duh qrq0lqfuhdvlqj lq � zkhq v � 5 dqg wkh pdjqlwxgh ri wklv
h�hfw lqfuhdvhv zlwk v1

Lq rughu wr vxssruw wkh fodlp deryh/ Iljxuh 5 vkrzv vrph h{dpsohv ri wkh
hvwlpdwlrq ri sv�+p3>�> �, iru v 5 i4> 5> 6j/ dv +p3>�> �, ydu| lq wkh uhohydqw
sdudphwhu vsdfh/ fi1 Sdqhov +d, wr +f,1 Dv rqh frxog kdyh h{shfwhg/ zkhq
wkh lqlwldo qxpehu ri clqh!flhqw* dgrswhuv lv ehorz d fhuwdlq wkuhvkrog +lwvhoi
lqfuhdvlqj zlwk wkh vwuhqjwk ri uhwxuqv wr vfdoh dqg wkh whfkqrorjlfdo jds,/ wkhq
wkh v|vwhp zloo lqhylwdeo| frqyhujh wr wkh h!flhqw rxwfrph qr pdwwhu krz
odujh duh wkh lqfhqwlyhv wr vwlfn zlwk wkh lqlwldo fkrlfh1 Krzhyhu/ zkhq p3

jrhv wkurxjk wkdw wkuhvkrog/ wkh suredelolw| ri hqglqj xs lq wkh lqh!flhqw vwdwh
ehfrphv vwulfwo| srvlwlyh dqg jurzv dv wkh lqfhqwlyhv wr nqrzohgjh dffxpxodwlrq
lqfuhdvh1 Lq wkh olplw/ zkhq rqo| d ihz plqhuv duh lqlwldoo| dzduh ri wkh vxshulru
whfkqrorj| dqg uhwxuqv wr vfdoh duh lqfuhdvlqj +� A 4,/ wkh suredelolw| wkdw wkh
v|vwhp lv devruehg e| lvodqg 5 frqyhujhv wr }hur69 1 Ilqdoo|/ zkhq v � 5/ wkh pruh
lqirupdwlrq gl�xvlrq lv orfdo +l1h1 wkh juhdwhu �,/ wkh ohvv wkh dyhudjh qxpehu
ri plqhuv zklfk ohdyh wkhlu lvodqgv lq hdfk wlph shulrg dqg/ frqvhtxhqwo|/ wkh
ohvv olnho| wkh hyhqw wkdw zdyhv ri lplwdwlrq zrxog wuljjhu d pljudwlrq iurp wkh
h!flhqw whfkqltxh wrzdug wkh lqh!flhqw rqh +vhh Sdqho +g,,1 Wkhuhiruh/ iru d
jlyhq +p3> �,/ wkh suredelolw| ri ehlqj devruehg lq lvodqg 4 zloo ghfuhdvh zlwk
� +lqfuhdvlqjo| idvw dv v jurzv,1

Wkh v|vwhp sdudphwhuv dffruglqjo| d�hfw wkh dyhudjh wlph ri devruswlrq/ vhh
Iljxuh 61 Zkhq whfkqrorjlhv duh krprjhqhrxv/ orfn0lq wlph lv ghfuhdvlqj zlwk
p3 qr pdwwhu krz odujh duh uhwxuqv wr vfdoh 0 Sdqho +d, 0 zkloh/ zkhq v @ 5/ wzr
uhjlphv dsshdu= li � lv vpdoo/ wkh ohqjwk ri wkh wudqvlwlrq g|qdplfv ohdglqj wr
devruswlrq lv rqo| uhwdughg dv p3 jurzv> frqyhuvho|/ zkhq uhwxuqv wr vfdoh nhhs
lqfuhdvlqj/ wkh uhodwlrqvkls ehfrphv xqlprgdo/ zlwk wkh pd{lpxp vkliwlqj wr
wkh ohiw dv � jrhv xs 0 vhh Sdqho +e,1 Pruhryhu/ zkhq v @ 5/ d vpdoohu vshhg
ri lqirupdwlrq gl�xvlrq +odujhu �, hqwdlov odujhu devruswlrq wlph/ dv h{shfwhg1
Dqdorj sdwwhuqv dulvh lq wkh fdvh v @ 6/ fi1 Sdqhov +f, wr +i,1

Ixuwkhu oljkw rq wkh zd|v lq zklfk wkh uhohydqw sdudphwhuv lq xhqfh wkh
g|qdplfv ri wkh v|vwhp fdq eh vkhg e| dqdo|}lqj wkh ehkdylru ri wkh wlph hyr0
oxwlrq ri wkh frqglwlrqdo h{shfwdwlrq ri wkh qxpehu ri plqhuv fxuuhqwo| zrunlqj
rq lvodqgv 4 dqg 5/ ehiruh orfn0lq rffxuv1 Wr wkdw hqg/ lq Dsshqgl{ 5 zh vwxg|
wkh v|vwhp ri gl�huhqfh htxdwlrqv jryhuqlqj wkh hyroxwlrq ri vxfk sdwkv/ l1h1
iHw+P wmP w�4>P w�5> = = = >p3,> w � 4j1

Krzhyhu/ qrq0hujrglflw| ri wkh vwrfkdvwlf surfhvvP w lpsolhv wkdw wkh dfwxdo
g|qdplfv ri wkh v|vwhp lv hqwluho| ghwhuplqhg e| hduo| udqgrp hyhqwv fkdudfwhu0
l}lqj wkh surfhvv 0 fi1 Gdylg +4<<5e, 0 wkdw lv e| hduo|/ xqsuhglfwdeoh/ zdyhv ri
lplwdwlrq1 Dv d frqvhtxhqfh/ JQS wlph0vhulhv dqg jurzwk udwhv orrn olnh wkrvh
ghslfwhg lq Iljxuh 71 Lq wklv vlpsoh vhwwlqj/ jurzwk lv d wudqvlwru| skhqrphqrq=
rqfh wkh orfn0lq lv dfklhyhg/ qr  xfwxdwlrqv zloo dulvh wkhuhdiwhu1

715 D Forvhg Hfrqrp| zlwk H{sorudwlrq

Vxssrvh qrz wkdw h{sorudwlrq lv doorzhg/ l1h1 ohw �l @ � A 3/ ;l 5 L/ exw rqo|
zlwklq dq xqfkdqjhg vhw ri cnqrzohgjh edvhv*1 Wkdw lv wr vd|/ zh dvvxph wkdw

69Qrwlfh dovr wkdw/ zkhq whfkqrorjlhv duh krprjhqhrxv/ devruswlrq suredelolwlhv duh v|p0
phwulf durxqg 6f ' �*2 iru d jlyhq k> pruhryhu/ dv k lqfuhdvhv/ R�

3
E6f(k� whqgv wr d

vwhs0ixqfwlrq zkrvh ydoxh dw 6f ' �*2 lv xqghwhuplqhg1 Vhh Dsshqgl{ 51
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rqfh dq lqlwldo vhw ri lvodqgv O3 lv gudzq/ wkh suredelolw| ri �qglqj qhz lvodqgv
lv }hur/ l1h1 � @ 3/ dqg wkdw h{soruhuv duh doorzhg wr vhdufk rqo| lqvlgh wkh �{hg
cuhdol}hg hfrqrp|* gh�qhg e| wkh er{ E31

Lq wklv vhwxs/ djhqwv duh vwloo qrw deoh wr clqqrydwh* +l1h1 wr glvfryhu lvodqgv
rwkhu wkdq wkh douhdg| cnqrzq* rqhv, dqg pxvw qhfhvvdulo| h{sorlw wkh h{lvwlqj
whfkqrorjlhv1 Krzhyhu/ xqolnh wkh suhylrxv fdvh/ wkh| fdq dozd|v ghflgh wr ohdyh
wkh lvodqg wkh| duh zrunlqj rq/ hyhq wkrxjk doo djhqwv duh plqlqj rq lw1

Doo wkdw lqwurgxfhv d srwhqwldo vrxufh ri cluudwlrqdolw|* dqg clglrv|qfudv|* lq
lqglylgxdo ehkdylruv1 Dowkrxjk wkh ghflvlrq wr ehfrph h{soruhu lv qrw olqnhg 0
lq wklv yhuvlrq ri wkh prgho 0 wr dq| v|vwhp yduldeoh/ lw lv whpswlqj wr gh�qh
wklv ehkdylru dv d cqrqfrqiruplvw* rqh/ dv lq d ihz prghov ri cvrfldo lqwhudfwlrq*
dqg ckhug ehkdylru*6:1 Lqghhg/ zkhq h{sorudwlrq lv doorzhg/ wkh orfn0lq ri wkh
v|vwhp zloo qrw jhqhudoo| rffxu/ vlqfh wkhuh lv dozd|v d srvlwlyh suredelolw| wkdw
cqrq frqiruplvw* ghflvlrqv zloo lqgxfh skdvh0wudqvlwlrqv lq wkh v|vwhp1

Lq d wzr0lvodqgv vhwxs/ wkh hfrqrp| lv fkdudfwhul}hg e| wkh Pdunry sur0
fhvv P w +dv ehiruh,/ wrjhwkhu zlwk wkh vwrfkdvwlf surfhvv ghvfulelqj wkh fxuuhqw
qxpehu ri h{soruhuv1 Krzhyhu/ xqolnh wkh suhylrxv fdvh/ wudqvlwlrq suredelol0
wlhv duh qrw rqo| lq xhqfhg e| wkh surshqvlwlhv wr lplwdwh whfkqrorjlhv zlwk d
kljkhu uhyhdohg h!flhqflhv/ exw dovr lqyroyh d fhuwdlq suredelolw| ri ch{sorulqj*1
Lvodqgv uhsuhvhqw khuh cedvlqv ri dwwudfwlrq* dprqj zklfk wkh v|vwhp frqwlqxdoo|
rvfloodwhv6;1

Wkh vwrfkdvwlf surfhvv ri h{sorudwlrq2lplwdwlrq |lhogv shuvlvwhqw rxwsxw  xf0
wxdwlrqv exw rqo| wudqvlwru| jurzwk1 Lqghhg/ dv ghslfwhg lq Ilj18/ wkh vlpxodwhg
wlph0vhulhv ri JQS glvsod| d vwdwlrqdu| dxwruhjuhvvlyh sdwwhuq 0 dv hfrqrphw0
ulf dqdo|vhv +qrw uhsruwhg, xvxdoo| vkrz1 Ryhu �qlwh wlph shulrgv/ lqfuhdvlqj
uhwxuqv dqg nqrzohgjh gl�xvlrq lqgxfh djhqwv +rq dyhudjh, wr pryh wrzdug fxu0
uhqwo| pruh h!flhqw lvodqgv 0 fi1 Iljxuhv 9+d, dqg 9+e, iru wkh wzr fdvhv v4 @ v5
dqg v4 ? v51 Krzhyhu/ h{sorudwlrq doorzv zlwk srvlwlyh suredelolw| cgh0orfnlqj*
exuvwv/ dovr wrzdug qrwlrqdoo| ohvv h!flhqw lvodqgv1 Lq d vhqvh/ shuvlvwhqw  xf0
wxdwlrqv duh lq wklv fdvh jhqhudwhg e| d sureohp ri lpshuihfw Vfkxpshwhuldq
frruglqdwlrq lq suhvhqfh ri g|qdplf lqfuhdvlqj uhwxuqv wr ohduqlqj6<1

716 H{sorulqj lq dq Rshq0Hqghg Hfrqrp|= Vrph Txdol0
wdwlyh Uhvxowv

Lq erwk vwdwlrqdu| hqylurqphqw dqdo|}hg vr idu/ vhoi0vxvwdlqlqj jurzwk frxog
hphujh rqo| li rqh vxshulpsrvhv dq h{rjhqrxv Vrorz0olnh guliw rq wkh ehvw0
sudfwlfh surgxfwlrq ixqfwlrq1 Rwkhuzlvh/ dv orqj dv djhqwv ehkdyh rq wkh
jurxqgv ri �{hg ixqgdphqwdov/ hfrqrplf jurzwk lv d whpsrudu| skhqrphqrq1

Frqvlghu qrz wkh pruh jhqhudo fdvh zkhuh �l @ � A 3/ ;l 5 L dqg wkh
hfrqrp| lv rshq0hqghg1 Lq wklv ixoo0 hgjhg vhwxs/ �upv duh deoh wr hqgrjhqrxvo|
lqgxfh d guliw lq wkh whfkqrorjlfdo iurqwlhu/ lq zd|v wkdw duh erwk sdwk0ghshqghqw
dqg lplwdwlrq0gulyhq1

Lw wxuqv rxw wkdw wkh hfrqrp| h{klelwv/ iru d zlgh udqjh ri sdudphwhuv/
sdwwhuqv ri vhoi0vxvwdlqlqj jurzwk1 W|slfdoo|/ wkh vlpxodwhg wlph0vhulhv ri JQS

6:Vhh Nlupdq +4<<6,/ Eurfn dqg Gxuodxi +4<<8,/ Kluvfkohlihu +4<<6,1
6;Wkhvh surshuwlhv duh txlwh vlplodu wr wkrvh glvsod|hg e| prghov edvhg rq Irnnhu0Sodqfn

htxdwlrqv1 Fi1 dovr Nlupdq +4<<6, dqg Ruoìdq +4<<5,1
6<Qrwlfh khuh wkh orrvh dqdorj| zlwk wkh frruglqdwlrq0uhodwhg g|qdplfv wuhdwhg e| Frrshu

dqg Mrkq +4<;;, dqg Gxuodxi +4<<7,1
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duh h{srqhqwldoo| vkdshg/ vr wkdw lwv qdwxudo orjdulwkp glvsod|v d olqhdu wuhqg/
dv lq Iljxuh :731 Krzhyhu/ h{srqhqwldo jurzwk lv qrw wkh vroh urxjk uhjxodulw|
lq rxwsxw sdwwhuqv wkdw rshq0hqghg hfrqrplhv duh deoh wr jhqhudwh1 Lqghhg/ lq
rwkhu uhjlrqv ri wkh sdudphwhu vsdfh/ wkh prgho fdq plplf hlwkhu cplog jurzwk*
hfrqrplhv/ zkhuhe| wkh JQS wlph0vhulhv  xfwxdwh durxqg dq V0vkdshg wuhqg
dqg orqj0uxq jurzwk udwhv whqg wr ehfrph d phdq0}hur vwdwlrqdu| surfhvv 0 fi1
Iljxuh ;+d,> ru cqr jurzwk* rqhv 0 vhh Iljxuh ;+e, 0 dv lq wkh vwdwlrqdu| vhwxs
zlwk h{sorudwlrq glvfxvvhg lq Vhfwlrq 7151

Xqghu sdudphwul}dwlrqv |lhoglqj vhoi0vxvwdlqlqj jurzwk74 / wkh prgho h{klelwv
vrph dgglwlrqdo lqwhuhvwlqj uhjxodulwlhv1 Iluvw/ wkh wlph vhulhv ri wkh qxpehu ri
cplqhuv*/ ch{soruhuv* dqg clplwdwruv* fdq w|slfdoo| eh ghvfulehg dv vwdwlrqdu|
surfhvvhv/ vhh Iljxuh <1

Vhfrqg/ dowkrxjk wkh qxpehu ri fxuuhqwo| cnqrzq* lvodqgv glvsod|v d olqhdu
wlph wuhqg/ erwk wkh udwlr ehwzhhq cfrorql}hg* dqg cnqrzq* lvodqgv/ dqg wkh
qxpehu ri cfrorql}hg* rqhv 0 Iljxuh 43+d, dqg +e, uhvshfwlyho| 0 idoo txlfno|
dqg wkhq iroorz d vwdwlrqdu| surfhvv1 Khqfh/ vwduwlqj iurp d idluo| xqlirup
glvwulexwlrq ri Q djhqwv rq wkh lqlwldo vhw ri cnqrzq* lvodqgv O3/ gl�xvlrq ri
nqrzohgjh lv olnho| wr gulyh djhqwv wr frqfhqwudwh rq +l1h1 cfrorql}h*, d uhodwlyho|
vpdoo foxvwhu ri cnqrzq* lvodqgv zklfk/ e| g|qdplf lqfuhdvlqj uhwxuqv/ pljkw eh/
riwhq exw qrw dozd|v/ wkh prvw h!flhqw rqhv1 Lq jhqhudo/ wkh h{shfwhg vl}h ri
wkh foxvwhuv ri frorql}hg lvodqgv lv olnho| wr lqfuhdvh dv uhwxuqv wr vfdoh dqg sdwk0
ghshqghqf| jhw vpdoohu> wkh suredelolw| ri �qglqj dq lvodqg lqfuhdvhv> djhqwv
duh pruh zloolqj wr h{soruh> dqg2ru lqirupdwlrq gl�xvhv pruh orfdoo|1

Wklug/ vlqfh wkh qxpehu ri ch{soruhuv* iroorzv d vwdwlrqdu| sdwwhuq/ wkh dyhu0
djh shu0shulrg qxpehu ri cglvfryhulhv* nhhsv frqvwdqw1 Pruhryhu/ dv wkh v|pph0
wu| ri wkh ch{sorudwlrq* uxoh vkrxog vxjjhvw 0 fi1 Htv1 +9, dqg +:, 0 wkh glvwdqfh
iurp wkh ruljlq ri dq| qhz whfkqrorj| lqfuhdvhv olqhduo| zlwk wkh qxpehu ri
glvfryhuhg lvodqgv 0 vhh Iljxuh 44+d,1 Krzhyhu/ wkh sdwk0ghshqghqw qdwxuh ri
lqqrydwlrq lpsolhv wkdw wkh lqlwldo surgxfwlylw| ri d qhz lvodqg +l1h1 wkh frhi0
�flhqw vm�, lv jhqhudoo| juhdwhu wkdq wkh dyhudjh fxuuhqw surgxfwlylw| ryhu doo
cnqrzq* lvodqgv 0 fi1 Iljxuh 45 0 zkloh wkh rqh0wlph sxvk luuhjxoduo| fdxvhg
e| wkh lqwurgxfwlrq ri cqhz sdudgljpv* nhhsv wkh rughu ri pdjqlwxgh ri lqlwldo
surgxfwlylw| ri qhz whfkqrorjlhv frqvwdqwo| deryh wkhlu glvwdqfh iurp wkh ruljlq
0 vhh Iljxuh 44+e,1

Irxuwk/ uhodwlyho| rughuhg vsdwldo sdwwhuqv ri frorql}hg lvodqgv duh olnho| wr
hphujh/ gxh wr wkh orfdo qdwxuh ri erwk wkh h{sorudwlrq dqg lplwdwlrq surfhvvhv1
Lq Iljxuh 46/ wkh sdwk ri h{sdqvlrq ri wkh cehvw sudfwlfh* sur{| e�w lv sorwwhg/
wrjhwkhu zlwk irxu cvqdsvkrwv* vkrzlqj wkh orfdwlrqv ri fxuuhqwo| cfrorql}hg*
lvodqgv lq wkh whfkqrorjlfdo vsdfh iru gl�huhqw wlph shulrgv w @ 3> 833> 4333> 48331
Zkloh lq wkh hduo| wlph shulrgv ri wkh vlpxodwlrq vpdoo +vwrfkdvwlf, hyhqwv vhohfw
wkh uhjlrq ri wkh odwwlfh zkhuh h{sorudwlrq lv jrlqj wr wdnh sodfh/ wkh sdwk0
ghshqghqw qdwxuh ri wkh ryhudoo surfhvv whqgv wr nhhs wkh hfrqrp| lqvlgh wkdw
uhjlrq1 Lq vxfk d vlwxdwlrq/ cuduh* hyhqwv +l1h1 wkh h{fhswlrqdo glvfryhulhv,/
ihhglqj sdwk0ghshqghqwo| xsrq gl�xvlrq dqg lqfuhphqwdo lqqrydwlrqv wkhuhdiwhu/
pljkw eh deoh wr wuljjhu d vhoi0uhlqiruflqj surfhvv zkrvh xowlpdwh rxwfrph frxog

73Pruh rq wkh vwdwlvwlfdo surshuwlhv ri vlpxodwhg JQS vhulhv lv lq Vhfwlrqv 815 dqg 91
74Doo uhvxowv uhsruwhg lq wklv vxe0vhfwlrq uhihu wr wkh sdudphwul}dwlrq= Z ' f��c 4 ' f��c " '

f��c b ' �c ) ' f�Dc� ' �ffc k ' ��Dc A ' �fff/ exw wkh| urexvwo| dulvh lq doo vhwxsv |lhoglqj
h{srqhqwldo jurzwk1 Vhh Vhfwlrq 8141 iru dq h{whqvlyh Prqwhfduor dqdo|vlv ri wkh sdudphwhu
vsdfh1
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eh d sdwwhuq ri h{srqhqwldo jurzwk1 Lqghhg/ vrph coxfn|* h{soruhuv 0 zklfk kdyh
ghflghg qrw wr lplwdwh rqh rxw ri wkh foxvwhu ri frorql}hg lvodqgv 0 zloo hyhqwxdoo|
�qg lqwulqvlfdoo| vxshulru lvodqgv rxwvlgh wkh cuhdol}hg hfrqrp|*1 Dowkrxjk wkh|
pljkw qrw eh deoh wr dghtxdwho| h{sorlw wkh rssruwxqlwlhv ri wkh cqhz* lvodqg e|
wkhpvhoyhv/ wkh ch{wudruglqdu|* fkdudfwhu ri wkhlu glvfryhu| pljkw qhyhuwkhohvv
lqgxfh rwkhu djhqwv wr pryh wkhuh lq wkh ixwxuh dqg/ frqvhtxhqwo|/ lqfuhdvh lwv
dfwxdo surgxfwlylw|1

Ilqdoo|/ dffruglqjo| wr hpslulfdoo| ghwhfwhg sdwwhuqv ri lqqrydwlrq/ gl�x0
vlrq dqg dgrswlrq +vhh h1j1 Grvl +4<;5,,/ wkh prgho jhqhudwhv V0vkdshg gli0
ixvlrq fxuyhv lq wkh qxpehu ri djhqwv fxuuhqwo| pdvwhulqj d jlyhq whfkqrorj|1
Pruhryhu/ ehfdxvh pdq| whfkqltxhv duh doorzhg wr frh{lvw ryhu wkh vdph wlph
lqwhuydov li wkh| h{klelwv vx!flhqwo| vlplodu uhdol}hg surgxfwlylwlhv/ rqh xvxdoo|
revhuyhv ryhuodsslqj gl�xvlrq sdwwhuqv dv wkrvh ghslfwhg lq Iljxuh 471 Dv wkh vhw
ri fxuuhqw dydlodeoh whfkqrorjlhv nhhsv hqodujlqj gxh wr wkh xqfhdvlqj surfhvv ri
h{sorudwlrq dqg lqqrydwlrq/ �upv pljudwh iurp ohvv wrzdug pruh surgxfwlyh lv0
odqgv/ hqwdlolqj surfhvvhv ri lqqrydwlrq gl�xvlrq zklfk rffxu dw gl�huhqw udwhv1
Dv Iljxuh 48 vkrzv/ wkh odwwhu w|slfdoo| ghshqg rq wkh fkdudfwhulvwlfv ri wkh
whfkqrorjlhv lqyroyhg lq wkh surfhvv/ wkh lqfhqwlyhv surylghg e| wkh hfrqrplf
hqylurqphqw dqg wkh ihdwxuhv ri wkh dgrswhuv wkhpvhoyhv1 Lq yhu| jhqhudo whupv/
wkh vshhg dw zklfk lqqrydwlrqv duh dgrswhg +dqg vxevwlwxwhg, lv lqfuhdvlqj lq
erwk wkhlu devroxwh lqwulqvlf surgxfwlylw| jds dqg wkh h{whqw wr zklfk lqwhudf0
wlrqv duh joredo 0 fi1 Sdqhov +d,/ +e, dqg +g,1 Dovr/ li lqirupdwlrq lv gl�xvhg qrw
wrr orfdoo|/ udglfdo lqqrydwlrqv whqg wr uhwdlq wkhlu ohdghuvkls pxfk orqjhu wkdq
lqfuhphqwdo rqhv +vhh Sdqhov +d, dqg +e,,1 \hw/ wkh udwh dw zklfk lqqrydwlrqv duh
vxevwlwxwhg lv ghfuhdvlqj zlwk wkh dyhudjh zloolqjqhvv wr h{soruh ri wkh djhqwv
lq wkh v|vwhp 0 fi1 Sdqho +f,1

8 Wkh Vrxufhv ri Vhoi0Vxvwdlqlqj Jurzwk = D
Prqwhfduor Dqdo|vlv

D edvlf lqvljkw vwhpplqj iurp wkh iruhjrlqj txdolwdwlyh dqdo|vlv lv wkdw/ lq
rughu iru wkh hfrqrp| wr eh deoh wr dwwdlq vhoi0vxvwdlqlqj jurzwk/ wkh iroorzlqj
frqglwlrqv +ru d vxlwdeoh pl{ ri wkhp, rxjkw wr dsso|/ qdpho|= +l, surgxfwlrq lv
fkdudfwhul}hg e| lqfuhdvlqj uhwxuqv +� A 4,> +ll, wkh ohyho ri erwk rssruwxqlwlhv
+dv phdvxuhg e| � dqg �, dqg zloolqjqhvv wr h{soruh +�, lv vx!flhqwo| odujh>
+lll, nqrzohgjh gl�xvlrq lv qrw wrr corfdo* +� vpdoo,> +ly, wkhuh lv vrph sdwk0
ghshqghqf| lq lqqrydwlrq +*A3,1 Krzhyhu/ wkh suhvhqfh ri gluhfw lqwhudfwlrqv
dprqj vsdwldoo| glvwulexwhg djhqwv/ dv zhoo dv qrq0olqhdulwlhv lq plfurhfrqrplf
ehkdylruv/ vxjjhvwv wkdw wkuhvkrog h�hfwv dqg qrq0prqrwrqlf uhodwlrqvklsv duh
olnho| wr hphujh dv rqh dwwhpswv wr pds vxe0uhjlrqv ri wkh sdudphwhu vsdfh lqwr
urexvw djjuhjdwh uhjxodulwlhv fkdudfwhul}lqj jurzwk sdwwhuqv1

Lq wklv vhfwlrq/ zh zloo suhvhqw h{whqvlyh Prqwhfduor +PF, dqdo|vhv vxssruw0
lqj wkh deryh frqmhfwxuhv dqg ixuwkhu lqyhvwljdwlqj wkhlu lpsolfdwlrqv1

Pruh vshfl�fdoo|/ zh zloo frqvlghu P lqghshqghqw uhdol}dwlrqv ri t+$,/ l1h1
d vlpxodwhg orj+JQS, wlph0vhulhv iru d jlyhq sdudphwul}dwlrq $ 5 
 dqg gh0
�qh T+P>$, dv wkh W �P pdwul{ zkrvh p0wk froxpq lv jlyhq e|= tp+$, @
^tp>3> = = = > tp>W `31 Ohw xv dovr vhw kp+$, @ ^kp>4+$,> = = = > kp>W +$,`3/ zkhuh
kp>w+$, @ ^+Tp>w � Tp>w�4,@Tp>w�4`/ dqg fdoo K+P>$, wkh W � P pdwul{
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zkrvh P froxpqv duh pdgh e| PF jurzwk udwh wlph vhulhv kp+$,1 Jlyhq dq|
vwdwlvwlfv V = ?W $ ?�/ pdsslqj tp+$, lqwr d �0ydoxhg uhdo yhfwru/ rxu lqwhuhvw
lv lq dvvhvvlqj krz wkh vdpsoh prphqwv ri wkh PF glvwulexwlrq ri V 0 h1j1 phdqv
dqg vwdqgdug ghyldwlrq ri V+$, @ iV+t

p
+$,,>p @ 4> = = = >Pj 0 ghshqgv rq $751

Lq Vhfwlrq 814/ zh vkdoo �uvwo| suhvhqw d vwxg| ri krz wkh ryhudoo shuirupdqfh
ri wkh hfrqrp|/ dv phdvxuhg e| lwv dyhudjh jurzwk udwh +DJU, V+t

p
+$,, @

jp+$, @ ^+tp>W@tp>3,
4@+W.4,�4`/ lv d�hfwhg dv $ ydulhv lq 
761 Qh{w/ lq Vhfwlrq

815 zh zloo wu| wr lqyhvwljdwh wkh hphujhqfh ri vwrfkdvwlf qrq0vwdwlrqdulw| lq
orj+JQS, wlph0vhulhv/ lq rughu wr dwwhpsw wr glvwlqjxlvk wkrvh vxe0uhjlrqv ri wkh
sdudphwhu vsdfh zklfk duh deoh wr jhqhudwh +zlwk vx!flhqwo| kljk olnholkrrg,
sdwwhuqv ri vhoi0vxvwdlqlqj jurzwk1 Ilqdoo|/ lq Vhfwlrq 816/ zh zloo wxuq rxu
dwwhqwlrq wr rxwsxw jurzwk udwhv pdwul{ K+P>$,/ vr dv wr glvfxvv vrph �qlwh0
wlph surshuwlhv ri wkh dyhudjh zlwklq0vlpxodwlrq jurzwk0udwh yrodwlolw| dqg lwv
orqj0uxq ehkdylru lq gl�huhqw jurzwk uhjlphv1

814 Hfrqrplf Shuirupdqfh dqg wkh H{sorlwdwlrq 0 H{sor0
udwlrq Wudgh R�

D �uvw fohdu0fxw uhvxow wkdw PF vlpxodwlrqv srlqw rxw lv wkdw 0 hyhu|wklqj hovh
ehlqj frqvwdqw 0 wkh ryhudoo shuirupdqfh ri wkh hfrqrp|/ dv phdvxuhg e| lwv
DJU/ dsshduv wr eh prqrwrqlfdoo| lqfuhdvlqj zlwk uhvshfw wr= +d, wkh h{whqw
wr zklfk wkh v|vwhp lv ixhohg zlwk lqqrydwlrq crssruwxqlwlhv* +l1h1 erwk � dqg
�,> +e, wkh pdjqlwxgh ri sdwk0ghshqghqf| d�hfwlqj wkh lqqrydwlrq surfhvv +l1h1
*,> +f, wkh ghjuhh ri joredolw| ri wkh lqirupdwlrq gl�xvlrq lq wkh lqwhudfwlrq
surfhvv +l1h1 ��,1 Vxssruw wr wklv jhqhudo frqfoxvlrq lv suhvhqwhg lq Iljxuh 49/
zkhuh PF vdpsoh phdqv ri DJUv +l1h1 jP+$, @P�4

SP
p@4 jp+$,, duh sorwwhg

djdlqvw +orj43 �> *, lq irxu glvwlqfw rssruwxqlw| vhwxsv +dqg iru jlyhq � dqg �,1
Wkh vkdsh ri wkh vxuidfhv +orj43 �> *m�, dovr vxjjhvwv wkdw/ zkloh sdwk gh0

shqghqf| olqhduo| d�hfwv DJUv/ orfdolw| ri lqwhudfwlrqv lv olnho| wr lqgxfh vrph
wkuhvkrog h�hfwv1 Lqghhg/ dv Iljxuh 4: fohduo| vkrzv/ zkhq rqh judgxdoo| wxqhv
wkh udwh ri lqirupdwlrq gl�xvlrq iurp lwv plqlpxp +l1h1 � @ 4, wrzdug lwv pd{0
lpxp +l1h1 � @ 3,/ dq deuxsw fkdqjh lq DJUv xvxdoo| dulvhv durxqg ��+$, �@ 4=3=
li � ? ��+$,/ DJUv duh eduho| lq xhqfhg li wkh udwh ri lqirupdwlrq gl�xvlrq lv
voljkwo| dowhuhg> krzhyhu/ zkhq � A ��+$,/ vpdoo fkdqjhv lq wkh ghjuhh ri orfdo0
lw| ri lqwhudfwlrqv eulqj derxw yhu| odujh h�hfwv rq wkh ryhudoo shuirupdqfh ri
wkh hfrqrp|1

Dv wkh hfrqrp| lv judgxdoo| lqmhfwhg e| lqfuhdvlqjo| srzhuixo vrxufhv ri
jurzwk +odujhu rssruwxqlwlhv/ kljkhu sdwk ghshqghqf| dqg pruh frqgxflyh lq0
irupdwlrq gl�xvlrq,/ rqh vkrxog dovr h{shfw dq lqfuhdvlqj PF vdpsoh yrodwlolw|
ri DJUv1 Lq idfw/ dv uhsruwhg lq Iljxuh 4;/ d vwurqj srvlwlyh fruuhodwlrq xvx0
doo| hphujhv ehwzhhq PF vdpsoh phdqv ri DJUv dqg PF vdpsoh vwdqgdug
ghyldwlrqv �jP +$, @ ^P�4

SP
p@4 j

5
p+$,� j5P +$,`

4
5 / dv wkh odwwhu dsshdu wr eh

prqrwrqlfdoo| lqfuhdvlqj zlwk hlwkhu sdudphwhu/ hyhu|wklqj hovh khog frqvwdqw771

75Vhh Dsshqgl{ 6 iru d eulhi glvfxvvlrq rq wkh uholdelolw| ri wkh �uvw dqg vhfrqg Prqwhfduor
prphqwv dv hvwlpdwruv ri wkh *wuxh* prphqwv ri wkh gdwd jhqhudwlqj surfhvv1

76Qrwlfh wkdw doo lpsolfdwlrqv suhvhqwhg lq wklv Vhfwlrq duh qrw d�hfwhg e| wkh sduwlfxodu
fkrlfh ri wkh DJUv1 Lqghhg/ hpsor|lqj dowhuqdwlyh phdvxuhv ri dyhudjh jurzwk udwhv/ dv
}�6 ' dE^6cA 3 ^6cf�*A o ru }��6 ' dE'6cA *'6cf��*EAn�� 3 �o/ zloo rqo| fkdqjh wkh vfdoh ri
dwwdlqdeoh jurzwk udwhv1 Fi1 dovr Dsshqgl{ 61

77Iru d vlplodu surshuw| glvsod|hg e| dfwxdo wlph0vhulhv lq d furvv0vhfwlrq ri frxqwulhv/ fi1
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PF vdpsoh vwdqgdug ghyldwlrqv qhyhu ch{sorgh*/ krzhyhu/ dv rqh lqfuhdvhv wkh
vwuhqjwk ri wkh vrxufhv ri jurzwk1 Khqfh/ ghvslwh wkh vhoi0uhlqiruflqj qdwxuh
ri wkh phfkdqlvpv wuljjhulqj hfrqrplf jurzwk lq wkh v|vwhp +l1h1 h{sorudwlrq/
lqqrydwlrq dqg surgxfwlrq,/ wkh prgho |lhogv vx!flhqwo| rughuhg jurzwk sdwkv/
zklfk wxuq rxw qhlwkhu wr ryhuods qru frqyhujh dv orqj dv rqh frqvlghuv vhwv
ri JQS wlph0vhulhv jhqhudwhg e| srlqwv lq wkh sdudphwhu vsdfh idu hqrxjk/ fi1
Iljxuh 4< iru dq looxvwudwlrq ri vxfk surshuw|78 1

Li wkh ghjuhh ri rssruwxqlwlhv/ sdwk0ghshqghqf| dqg joredolw| ri lqwhudfwlrqv
vhhp wr hqjhqghu d qrq dpeljxrxv h�hfw rq wkh ryhudoo shuirupdqfh ri wkh
hfrqrp|/ gl�huhqw uhjlphv dulvh zkhq wkh vdph h{shulphqw lv fduulhg wkurxjk
zlwk uhvshfw wr wkh h{whqw wr zklfk djhqwv duh zloolqj wr h{soruh +l1h1 �, dqg
wkh vwuhqjwk ri uhwxuqv wr vfdoh lq wkh surgxfwlrq surfhvv +l1h1 �,1 Wklv lv qrw
vxusulvlqj/ lqghhg/ dv wkh odwwhu sdudphwhuv duh uhvsrqvleoh iru wxqlqj wkh irufhv
xqghuo|lqj wkh wudgh0r� lq wkh fkrlfh ehwzhhq vhdufklqj dqg surgxflqj/ wkh
vroxwlrq wr zklfk lv d nh| lqjuhglhqw iru dfklhylqj ehwwhu hfrqrplf shuirupdqfhv1

Lq Iljxuh 53 zh kdyh sorwwhg vrph uhohydqw sruwlrqv ri wkh vxuidfh +�m�> �>
�> *> �, :�$ jP +$, wr �uvw lqyhvwljdwh krz DJUv ghshqg rq �1 Dv rqh frxog
kdyh h{shfwhg/ odujhu DJUv fdq eh dwwdlqhg rq dyhudjh li wkh v|vwhp vrphkrz
pdqdjhv wr rswlpdoo| vroyh wkh wudgh0r� ehwzhhq h{sorlwdwlrq dqg h{sorudwlrq
+Pdufk +4<<4,/ Doohq dqg PfJodgh +4<;9,,1 Lw wxuqv rxw/ krzhyhu/ wkdw rqh fdq
vlqjoh rxw irxu glvwlqfw uhjlphv lq wkh fdxvdo uhodwlrq ehwzhhq � dqg PF phdq
ri DJUv/ qdpho|=

U41 Li qr lqwhudfwlrqv wdnh sodfh +� @ 4, dqg rssruwxqlwlhv duh orz/ wkhq
jP +$, lv prqrwrqlfdoo| ghfuhdvlqj zlwk � 0 qr pdwwhu krz odujh lv sdwk0
ghshqghqf| 0 dqg glvsod|v d pd{lpxp dw �� @ 3> vlqfh jP +��, � 3 +forvhg
hfrqrp| dqg qr lqirupdwlrq gl�xvlrq,/ DJUv duh dozd|v qhjdwlyh iru
� A 3>

U51 Li lqirupdwlrq lv vsuhdg orfdoo| +l1h1 3 ?? � ?? 4,/ wkhq/ luuhvshfwlyh
ri sdwk0ghshqghqf| dqg rssruwxqlwlhv/ jP +$, duh ghfuhdvlqj iru vpdoo �/
lqfuhdvlqj zkhq � lv odujh/ dqg h{klelw wzr pd{lpd dw �� @ 3 dqg �� @ 4>

U61 Li lqirupdwlrq lv vsuhdg joredoo| +� @ 3, dqg sdwk0ghshqghqf| lv kljk/ wkhq
jP +$, lv prqrwrqlfdoo| lqfuhdvlqj zlwk �/ lqghshqghqwo| ri rssruwxqlwlhv/
vr wkdw d pd{lpxp dulvhv dw �� @ 4>

U71 Ilqdoo|/ lq doo rwkhu clqwhuphgldwh* fdvhv/ l1h1 hlwkhu joredo lqwhudfwlrqv dqg
orz sdwk0ghshqghqf| ru qr lqirupdwlrq gl�xvlrq dqg kljk rssruwxqlwlhv/
jP +$, h{klelwv dq lqwhulru pd{lpxp 3 ? �� ? 41

Idwdv +4<<8,1
78 Lq Iljxuh 4< zh sorwwhg wkh wlph0vhulhv ghvfulelqj wkh DI dqg wkh <8( shufhqwlohv ri wkh

PF glvwulexwlrqv ^|E/� ' t^6c|E/�c6 ' �c � � � c��/ dv | ' �c � � � c A / lq irxu gl�huhqw sdudph0
whu vhwxsv +� ' �ffff,1 Qrwlfh wkdw hyhq lq wkh joredo lqirupdwlrq 2 kljk rssruwxqlwlhv fdvh/
wkh edqg lqfoxglqj wkh bfI ri PF revhuydwlrqv grhv qrw hqodujh dv A jurzv1 Pruhryhu/ bfI
edqgv gr qrw ryhuods hyhq iru yhu| vpdoo hfrqrphwulf vdpsoh vl}hv1 Ixuwkhupruh/ dgglwlrqdo
vlpxodwlrq h{huflvhv vhhp wr vxssruw wkh iroorzlqj jhqhudo frqmhfwxuh1 Ohw _ eh d phwulfv phd0
vxulqj wkh glvwdqfh ehwzhhq dq| wzr PF vdpsohv ^E�c/�� ' t^6E/��c6 ' �c � � � c�� dqg

^E�c/��� ' t^6E/���c6 ' �c � � � c�� /�c /�� M l1 Wkhq/ iru dq| PF vdpsoh vl}h � / wkhuh zloo
h{lvw dq xsshu erxqg i� : f 0 ghfuhdvlqj lq � 0 vxfk wkdw/ wdnhq dq| f 	 i 	 i� dqg / M l/
lw vkrxog eh dozd|v srvvleoh wr �qg d _Ei� c /� : f/ vr wkdw lq wkh _Ei� c /�0qhljkerukrrg ri
/ rqh fdq �qg d /� M l G _d^E�c/�c ^E�c/��o : i1
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Wkh lqwhusuhwdwlrq ri wkh deryh hylghqfh lv vwudljkwiruzdug1 Zkhq lqirupd0
wlrq gl�xvlrq lv qrw dfwlyh/ qr qhzo| glvfryhuhg whfkqrorj| fdq h{sorlw lqfuhdvlqj
uhwxuqv wr vfdoh dqg h{sorudwlrq lv wrwdoo| kdupixo +ehfdxvh/ lq wkh orqj uxq/ lw
ohdgv wr qhjdwlyh DJU,1 Frqyhuvho|/ hfrqrplhv lq zklfk lqirupdwlrq lv joredoo|
gl�xvhg dqg lqqrydwruv vwurqjo| ehqh�w iurp ohduqlqj e| grlqj +kljk *, w|s0
lfdoo| pd{lpl}h wkhlu DJU zkhq doo djhqwv frpplw wkhpvhoyhv wr h{sorudwlrq
dqg surgxfwlrq rq qhz lvodqgv rqo| odvwv rqh shulrg1

Dv lqirupdwlrq gl�xvlrq ehfrphv orfdo/ wkh ryhudoo shuirupdqfh ri wkh hfrq0
rp| lqfuhdvhv hlwkhu li ihz h{soruhuv duh durxqg ru li wkhuh duh pdq|1 Lq wkh
�uvw fdvh/ d odujh srsxodwlrq ri plqhuv fdq frqwlqxdoo| h{sorlw erwk lqfuhdvlqj
uhwxuqv wr vfdoh dqg lqfuhphqwdo/ sdwk0ghshqghqw lqqrydwlrqv wkurxjk vpdoo0
vfdoh pljudwlrqv gulyhq e| orfdo lplwdwlrq1 Lq wkh vhfrqg rqh/ vwloo wkdqnv wr
orfdo lqirupdwlrq gl�xvlrq/ vpdoo foxvwhuv ri frorql}hg lvodqgv fdq lpphgldwh
ehqh�w iurp wkh odujh0vfdoh lqwurgxfwlrq ri lqqrydwlrqv1

Wkh prvw lqwhuhvwlqj uhjlph/ krzhyhu/ dulvhv zkhq PF phdq ri DJUv duh
pd{lpl}hg e| dq lqwhulru ydoxh ri �1 Wkh lqwxlwlrq khuh fruuhvsrqgv wr wkdw
vxjjhvwhg lq Pdufk +4<<4/ s1:4,1 Dv kh srlqwv rxw/ v|vwhpv wkdw hqjdjh lq h{0
sorudwlrq wr wkh h{foxvlrq ri h{sorlwdwlrq �h{klelw wrr pdq| xqghyhorshg qhz
lghdv dqg wrr olwwoh glvwlqfwlyh frpshwhqfhv�/ zkloh/ dw wkh rssrvlwh h{wuhph/
wkh| �duh olnho| wr �qg wkhpvhoyhv wudsshg lq vxe0rswlpdo vwdeoh htxloleuld�1 Lq
wkh prgho/ wklv frqglwlrq dssolhv lq wzr vhwxsv/ qdpho|= +d, djhqwv idfh yhu|
odujh rssruwxqlwlhv exw wkh| duh xqdeoh wr frpsohwho| h{sorlw uhwxuqv wr vfdoh
ehfdxvh lqirupdwlrq lv qrw vsuhdg durxqg> +e, lqwhudfwlrqv duh joredo exw nqrzo0
hgjh grhv qrw dffxpxodwh dv wkh hfrqrp| hyroyhv1 Lq erwk vlwxdwlrqv/ kljkhu
hfrqrplf shuirupdqfhv fdqqrw eh dwwdlqhg e| hqwluho| frpplwwlqj wkhpvhoyhv
hlwkhu wr whfkqrorjlfdo vhdufk ru wr surgxfwlrq1 Dv d uhvxow/ wkh orvvhv vwhpplqj
iurp wkh h{sorlwdwlrq0h{sorudwlrq wudgh0r� duh plqlpl}hg e| dq dssursuldwh
edodqfh ehwzhhq wkh wzr irufhv/ zklfk/ krzhyhu/ djhqwv duh xqdeoh wr fruuhfwo|
hydoxdwh h{0dqwh1

Ohw xv wxuq qrz wr glvfxvv krz � d�hfwv wkh ryhudoo shuirupdqfh ri wkh
hfrqrp|1 Lq yhu| jhqhudo whupv/ odujhu ydoxhv ri � vkrxog lpso|/ deryh vrph
wkuhvkrogv/ kljkhu uhwxuqv iurp h{sorlwdwlrq1 Frqvhtxhqwo|/ lplwdwlrq vkrxog
gulyh djhqwv/ rq dyhudjh/ wr frqfhqwudwh rq wkh prvw h!flhqw lvodqgv +qr pdwwhu
li wkh| duh qhzo| glvfryhuhg ru douhdg| cfrorql}hg*,1 Krzhyhu/ wkh h{whqw wr
zklfk wklv surfhvv lv deoh wr hqwdlo odujhu DJUv vwurqjo| klqjhv rq wkh ihdwxuhv
ri lqirupdwlrq gl�xvlrq dqg wkh dprxqw ri rssruwxqlwlhv lq wkh hfrqrp|1

Vrph sdudgljpdwlf h{dpsohv ri wkh vxuidfh +�m�> �> �> *> �, :�$ jP +$, duh
sorwwhg lq Iljxuh 541 Iluvw ri doo/ qrwlfh wkdw/ dv orqj dv lqirupdwlrq lv joredoo|
gl�xvhg lq wkh hfrqrp|/ DJUv duh prqrwrqlfdoo| lqfuhdvlqj lq � iru dq| +�> �,
dqg *1 Lq wklv fdvh/ luuhvshfwlyh ri wkh UWV uhjlph/ qr wudgh0r� ehwzhhq h{0
sorudwlrq dqg h{sorlwdwlrq dulvhv= djhqwv hdvlo| pdqdjh wr pryh wrzdug lvodqgv
zlwk odujhu dfwxdo surgxfwlylwlhv vr wkdw kljkhu �*v lpso| ehwwhu shuirupdqfhv1
Frqyhuvho|/ zkhq lqwhudfwlrqv duh vkxw grzq +� @ 4,/ plqhuv whqg wr uhpdlq
orfnhg lqwr vxe0h!flhqw vwdwhv/ hvshfldoo| zkhq rssruwxqlwlhv duh orz1 Lq wklv
fdvh/ erwk h{soruhuv dqg plqhuv duh olnho| wr eh fdswxuhg e| lqh!flhqw whfk0
qrorjlhv zklfk kdyh ehhq h{sorlwhg lq dq h{whqvlyh zd| gxulqj hduo| shulrgv
ri wlph1 Dv d frqvhtxhqfh/ PF phdqv ri DJUv whqg wr eh ghfuhdvlqj zlwk
� zkhq rssruwxqlwlhv duh orz dqg rqo| plogo| lqfuhdvlqj iru odujh �*v zkhq
wkh| duh kljk1 Wkh odwwhu sdwwhuq dulvhv pruh ylylgo| zkhq lqwhudfwlrqv duh or0
fdo +3 ? � ? 4,1 Khuh d wkuhvkrog h�hfw hphujhv/ dv jP +$, vwduwv jurzlqj
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zlwk � rqo| diwhu UWV ehfrph erwk whfkqrorjlfdoo| dqg lqglylgxdoo| lqfuhdvlqj
+l1h1 � A 5,1 Wr xqghuvwdqg wklv qrqolqhdu h�hfw/ uhfdoo wkdw wkh wzr0vwdjh
surfhgxuh jryhuqlqj lqwhudfwlrqv uhtxluhv wkdw djhqw l 5 L/ zkrvh odvw rxwsxw
rq m� zdv tl>� @ vm� � ^p� +{m� > |m�,`

��4/ zrxog fkrrvh wr lplwdwh wkh vljqdo
douhdg| uhfhlyhg iurp lvodqg m 9@ m� zlwk d suredelolw| sursruwlrqdo wr m*v df0
wxdo surgxfwlylw| vm ^pw+{m > |m,`

��4/ zkloh kh zrxog ghflgh wr uhpdlq rq m� zlwk
suredelolw| sursruwlrqdo wr tl>� 1 Wkxv/ lq jhqhudo/ lplwdwlrq ehjlqv wr wuljjhu d
vwurqj vhoi0uhlqiruflqj surfhvv ri nqrzohgjh dffxpxodwlrq zkhq � A 51 Wkhuh0
iruh/ li lqirupdwlrq lv orfdoo| gl�xvhg djhqwv whqg wr eh wudsshg lqwr lqh!flhqw
lvodqgv iru vpdoo �*v/ zkhuhdv wkh| zloo eh deoh wr ixoo| h{sorlw wkh hfrqrp|*v
rssruwxqlwlhv zkhq UWV duh odujh hqrxjk wr surprwh qrw zdvwhixo pljudwlrqv1

815 Vwdwlrqdulw| yv1 Vwrfkdvwlf Qrq0Vwdwlrqdulw| ri JQS
Wlph0Vhulhv

Ehwwhu ryhudoo hfrqrplf shuirupdqfhv +h1j1 kljkhu dyhudjh JQS jurzwk udwhv,
vhhpv wr eh jhqhudwhg lq wkh v|vwhp 0 deryh fhuwdlq wkuhvkrogv 0 e| d v|qhu0
jhwlf phfkdqlvp lqyroylqj lq qrq0dgglwlyh zd|v lqqrydwlrq/ sdwk0ghshqghqf|/
lqfuhdvlqj uhwxuqv dqg gl�xvlrq ri nqrzohgjh/ dqg qrw e| dq| ri wkhvh irufhv
wdnhq lq lvrodwlrq1 Exw/ lq wkh �uvw sodfh/ lv wkhuh d zhoo0gh�qhg pdsslqj eh0
wzhhq odujhu pdjqlwxghv ri DJUv dqg wkh hphujhqfh ri sdwwhuqv vhoi0vxvwdlqlqj
jurzwk B

Dv d �uvw dssur{lpdwlrq/ rqh pljkw dwwhpsw wr glvfulplqdwh uhjlrqv ri wkh
sdudphwhu vsdfh 
 |lhoglqj sdwwhuqv ri vhoi0vxvwdlqlqj jurzwk iurp wkrvh lq
zklfk jurzwk lv rqo| d wudqvlwru| skhqrphqrq/ ghshqglqj rq zkhwkhu orj+JQS,
wlph0vhulhv tp+z, glvsod| dq L+4, sdwwhuq ru wxuqv rxw wr eh vwrfkdvwlfdoo| vwd0
wlrqdu| rqfh vwdqgdug DGI whvwv duh shuiruphg791

Vrph h{dpsohv ri vxfk dq h{huflvh duh suhvhqwhg lq Iljxuhv 551 Jlyhq orz
ru kljk rssruwxqlwlhv vhwxsv dv ehiruh/ zh kdyh �uvwo| frpsxwhg wkh shufhqwdjh
ri dffhswdqfh ri DGI+4, whvw vwdwlvwlfv w4+tp>w+z,, 0 dw 8( ri vljql�fdqfh 0 ryhu
P @ 43333 lqghshqghqw PF vlpxodwlrqv dv d ixqfwlrq ri wkh ghjuhh ri joredolw|
ri lqirupdwlrq gl�xvlrq +�, dqg sdwk0ghshqghqf| lq nqrzohgjh dffxpxodwlrq
+*, 0 iru vrph jlyhq zloolqjqhvv wr h{soruh +�, dqg uhwxuqv wr vfdoh +�,7:1

Vlploduo| wr wkh DJUv fdvh/ wkh phdq ri PF glvwulexwlrqv ri w4+tp>w+z,,
duh lqfuhdvlqj h{srqhqwldoo| zlwk � dqg olqhduo| zlwk * +vhh Sdqhov +d, dqg

79 Lq wkh prgho/ h{srqhqwldo jurzwk lv xvxdoo| dvvrfldwhg zlwk *gl�huhqfh vwdwlrqdu|*
*L}+JQS, wlph0vhulhv1 Lq idfw/ dffruglqj wr vwdqgdug DGI whvwv 0 dqg luuhvshfwlyh ri wkh
hpsor|hg Glfnh|0Ixoohu uhjuhvvlrq vshfl�fdwlrq 0 rqh lv dozd|v xqdeoh wr uhmhfw +dw DI ri vlj0
ql�fdqfh, wkh qxoo ri d xqlw urrw/ zklfk/ rq wkh frqwudu|/ lv v|vwhpdwlfdoo| qrw dffhswhg iru
erwk �uvw gl�huhqfhv {^6c| dqg jurzwk udwhv �6c|1 Lq Wdeoh 4 zh uhsruw dv dq looxvwudwlrq wkh
uhvxowv ri DGI whvwv shuiruphg rq wkh JQS wlph0vhulhv glvsod|hg lq Iljxuh :1 Vhh krzhyhu
Vhfwlrq 9 iru d glvfxvvlrq rq wkh gudzedfnv +lq sduwlfxodu/ odfn ri srzhu djdlqvw qhdue| vwd0
wlrqdu| dowhuqdwlyhv, ri DGI whvwv dqg iru dgglwlrqdo vwdwlvwlfdo surshuwlhv ri vlpxodwhg JQS
wlph0vhulhv1

7:Wkh fkrlfh ri DGI+4, whvwv 0 frqvwdqw dqg wuhqg lqfoxghg 0 kdv ehhq vxjjhvwhg e| d suh0
olplqdu| h{shulphqw lq zklfk dq h{whqvlyh edwwhu| ri frqyhqwlrqdo Glfnh|0Ixoohu uhjuhvvlrqv=
{^6c| ' �f n B|n ��^6c|3�n ��{^6c|3�n � � � n �&{^6c|3&n �| kdv ehhq hvwlpdwhg iru d
vpdoo vxevhw ri srlqwv lq wkh sdudphwhu vsdfh1 Doo gldjqrvwlfv +Vfkzduw}/ Dndlnh/ hwf1, kdyh
lqglfdwhg wkdw & ' f lv lqdghtxdwh zkloh & : 2 lv xqqhfhvvdu| +dqg wkhuhiruh zdvwhixo ri
ghjuhhv ri iuhhgrp,1 Dovr/ qrwlfh wkdw wklv fkrlfh iru & lv lq olqh zlwk wkh fxuuhqw olwhudwxuh
whvwlqj iru wuhqg yv1 gl�huhqfh vwdwlrqdulw| lq hpslulfdo JQS wlph0vhulhv/ fi1 Glherog dqg Vhq0
kdgml +4<<9,1 Qrwh dovr wkdw wkh uhvxowv suhvhqwhg khuh duh vx!flhqwo| urexvw dfurvv gl�huhqw
sdudphwul}dwlrqv ri zloolqjqhvv wr h{soruh dqg uhwxuqv wr vfdoh1
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+e,,1 Wklv lpsolhv wkdw wkh qxoo k|srwkhvlv +l1h1 suhvhqfh ri d xqlw0urrw lq wkh
orj+JQS, wlph0vhulhv, lv dffhswhg zlwk dq lqfuhdvlqj PF iuhtxhqf| dv rqh wxqhv
xs wkh vrxufhv ri jurzwk1 Lq idfw/ d vruw ri wkuhvkrog hphujhv lq wkh +*> orj43 �,0
sodqh= eh|rqg vrph jlyhq frpelqdwlrqv ri sdwk0ghshqghqf| dqg joredolw| ri
lqwhudfwlrqv wkh prgho gholyhuv doprvw dozd|v gl�huhqfh0vwdwlrqdu| orj+JQS,
wlph0vhulhv1 Lq dgglwlrq/ wkh sruwlrq ri wkh +*> orj43 �,0sodqh frqwdlqlqj PF
iuhtxhqflhv ri wkh DGI+4, whvw dffhswdqfh juhdwhu wkdq <3( lv odujhu wkh juhdwhu
wkh pdjqlwxgh ri rssruwxqlwlhv/ dv h{shfwhg1

Uhvxowv lq olqh zlwk wkh dqdo|vlv lq Vhfwlrq 814 dovr dulvh zkhq rqh lqyhvwljdwhv
krz wkh PF dffhswdqfh iuhtxhqf| ri wkh DGI whvwv ydulhv zlwk wkh pdjqlwxgh
ri wkh zloolqjqhvv wr h{soruh +�,1 Dffruglqj wr wkh hylghqfh suhvhqwhg deryh iru
DJUv/ irxu uhjlphv fdq eh vlqjohg rxw dv idu dv wkh hphujhqfh ri sdwwhuqv ri
vhoi0vxvwdlqlqj jurzwk lv frqfhuqhg1 Dsduw iurp wkh wulyldo uhvxowv ri uhjlph U4
+dozd|v |lhoglqj qhjdwlyh DJUv dqg wkhq L+3, sdwwhuqv,/ Iljxuh 56 looxvwudwhv
zkdw kdsshqv wr DGI+4, 8(0dffhswdqfh iuhtxhqflhv lq uhjlphv U5/ U6 dqg U71
Dq lqwhuhvwlqj lqvljkw lv wkdw/ ehfdxvh ri wkh srvlwlyh fruuhodwlrq xvxdoo| dulvlqj
ehwzhhq wkh olnholkrrg ri L+4, JQS sdwwhuqv dqg odujh pdjqlwxghv ri DJUv/
rqh lv olnho| wr jhw vrph zlwklq0uhjlph yduldwlrq lq wkh ehkdylru ri dffhswdqfh
iuhtxhqflhv1 Wr vhh wklv/ Sdqhov +e, dqg +f, ghslfw wzr h{dpsohv ri uhjlph 6
ehkdylru +joredo lqwhudfwlrqv/ kljk sdwk0ghshqghqf|,1 Vlqfh wkh shuirupdqfh
ri wkh hfrqrp| w|slfdoo| lqfuhdvhv zlwk wkh pdjqlwxgh ri rssruwxqlwlhv/ DGI
whvwv dffhswdqfh iuhtxhqf| lv frqvwdqwo| durxqg 433(/ iru dq| � A 3/ zkhq �
dqg � duh kljk/ zkloh lw dwwdlqv d 433( vwhdg| vwdwh rqo| iru odujhu �*v zkhq
rssruwxqlwlhv duh vpdoo1 Wkh vdph dujxphqw dovr krogv iru uhjlph 5 +vhh Sdqho
+d,,= sdwwhuqv ri vhoi0vxvwdlqlqj jurzwk w|slfdoo| dsshdu zkhq � lv odujh dv vrrq
dv sdwk0ghshqghqf| jhwv odujhu1 Ilqdoo|/ Uhjlph 7 vwloo lpsolhv dq clqwhulru
vroxwlrq* iru wkh h{sorlwdwlrq0h{sorudwlrq wudgh0r� +Sdqho +g,,1 Lq doo wkrvh fdvhv
zkhuhe| wkh hfrqrp| lv fkdudfwhul}hg hlwkhu e| joredo lqwhudfwlrqv dqg orz sdwk0
ghshqghqf| ru e| qr lqirupdwlrq gl�xvlrq dqg kljk rssruwxqlwlhv/ wkh v|vwhp
lv deoh wr jhqhudwh vhoi0vxvwdlqlqj sdwwhuqv ri jurzwk rqo| li d vxlwdeoh edodqfh
ehwzhhq U)G dqg surgxfwlrq lv dfklhyhg1

816 Yrodwlolw| ri Jurzwk Udwhv Wlph 0 Vhulhv dqg Vhoi 0
Rujdql}dwlrq

Ohw xv wxuq qrz wkh dwwhqwlrq wr PF vdpsohv ri jurzwk udwhv wlph0vhulhv +JUWV,=

kp+$, @ ikp>w+$, @ ^+Tp>w+$,�Tp>w�4+$,,@Tp>w�4+$,`> w @ 4> = = = > Wj>

p @ 4> = = = >P dqg h{soruh wkhlu djjuhjdwh surshuwlhv1
Dq lqwhuhvwlqj lvvxh wr dgguhvv 0 prwlydwhg e| wkh iruhjrlqj hylghqfh rq

DJUv yduldelolw| dfurvv lqghshqghqw PF vlpxodwlrqv/ vhh Vhfwlrq 814 0 frq0
fhuqv wkh ehkdylru ri wkh zlwklq0vdpsoh yrodwlolw| ri JUWV/ h1j1 wkhlu vwdqgdug
ghyldwlrq V+kp+$,, @ �+kp+$,,1 Lq sduwlfxodu/ zh zloo �uvwo| glvfxvv zkhwkhu
vhoi0vxvwdlqlqj jurzwk dozd|v lpso| d odujhu yrodwlolw| lq JUWV/ e| vwxg|lqj krz
�+kp+$,, ghshqgv rq rssruwxqlwlhv/ sdwk0ghshqghqf| dqg lqirupdwlrq gl�xvlrq
iru d jlyhq vdpsoh vl}h W 1 Vhfrqg/ zh zloo vwxg| wkh dyhudjh zlwklq0vlpxodwlrq
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ehkdylru ri �+kp+$,,/ wr xqghuvwdqg zkdw kdsshqv wr wkh yrodwlolw| ri JUWV
dfurvv vxffhvvlyh skdvhv ri ghyhorsphqw1

Wr ehjlq zlwk/ ohw xv frqvlghu Iljxuh 57/ zkhuh vdpsoh phdqv ri PF glvwul0
exwlrqv ri wkh JUWV vwdqgdug ghyldwlrqv duh sorwwhg djdlqvw wkh pdlq vrxufhv
ri jurzwk1 Xqolnh wkh ehkdylru h{klelwhg e| wkh yduldelolw| ri DJUv dfurvv
PF revhuydwlrqv/ wkh fruuhodwlrq ehwzhhq pdjqlwxghv ri JUWV yrodwlolw| dqg
dyhudjh jurzwk udwhv dwwdlqhg e| wkh v|vwhp lv qrw dozd|v srvlwlyh1

Dv rqh frxog kdyh h{shfwhg/ zkhq � lv orz/ pruh yrodwloh JUWV duh jhq0
hudoo| lpsolhg e| pruh joredo lqwhudfwlrqv +dqg/ wr d vpdoohu h{whqw/ e| kljkhu
sdwk0ghshqghqf|,1 Lq vxfk d fdvh/ wkh hfrqrp| lv olnho| wr jr wkurxjk sxqf0
wxdwhg rxwsxw xsvxujhv fdxvhg e| wkh duulydo ri cqhz* sdudgljpv zkrvh kljkhu
surgxfwlylw| lv +srvvleo|, ixuwkhu errvwhg e| nqrzohgjh dffxpxodwlrq1 Wkdqnv
wr wkh h�hfwlyhqhvv ri lqirupdwlrq gl�xvlrq/ djhqwv doprvw lqvwdqwdqhrxvo| gh0
flgh wr dgrsw wkh qhz nqrzohgjh edvhv1 Wklv zloo lq wxuq wuljjhu surorqjhg
shulrgv ri qhjdwlyh +exw orz lq devroxwh ydoxh, jurzwk udwhv/ ehfdxvh ri wkh
wlph0frqvxplqj qdwxuh ri wkh dgmxvwphqw surfhvv iroorzhg diwhu lplwdwlrq1

Frqyhuvho|/ zkhq udglfdo lqqrydwlrqv duh yhu| olnho|/ wkh uhodwlrq ehwzhhq uho0
hydqw sdudphwhuv dqg dyhudjh �+kp+$,, xqghujrhv d gudpdwlf fkdqjh1 Lq idfw/
vhwxsv w|slfdoo| |lhoglqj vhoi0vxvwdlqlqj jurzwk +vpdoo �*v/ odujh **v, duh fkdu0
dfwhul}hg e| orzhu pdjqlwxghv ri dyhudjh yrodwlolw|/ zkhuhdv hfrqrplhv xvxdoo|
jhqhudwlqj vwdwlrqdu| JQS wlph0vhulhv ru yhu| plog jurzwk glvsod| dq kljkhu
JUWV yduldwlrq1

Dv rssruwxqlwlhv ehfrph odujhu/ wkh dprxqw ri sdwk0ghshqghqf| lqfuhdvlqjo|
lq xhqfhv JUWV yduldelolw| 0 fi1 Iljxuh 581 Rq wkh rqh kdqg/ odujhu **v gr
qrw d�hfw dw doo JUWV vwdqgdug ghyldwlrqv zkhq lqwhudfwlrqv duh joredo/ dv
nqrzohgjh dffxpxodwlrq lv h!flhqwo| gulyhq e| lqirupdwlrq gl�xvlrq1 Rq wkh
rwkhu kdqg/ dv rqh nhhsv ghfuhdvlqj wkh udwh dw zklfk lqirupdwlrq lv vsuhdg
durxqg/ sdwk0ghshqghqf| judgxdoo| ehfrphv wkh pdlq irufh doorzlqj iru d vhoi0
hqiruflqj surfhvv ri dffxpxodwlrq ri h{lvwlqj frpshwhqflhv1 Wkh odujh dprxqw
ri dgglwlrqdo nqrzohgjh frplqj iurp h{wudruglqdu| glvfryhulhv lv wkhq h{shfwhg
wr eh fduulhg rq wr wkh qh{w lqqrydwlrqv +dw d udwh phdvxuhg e| *,1 Dv d
frqvhtxhqfh/ wkh hfrqrp| lv olnho| wr eh fkdudfwhul}hg e| shulrgv ri qhdu0}hur
jurzwk udwhv +h{sorlwdwlrq shulrgv, lqwhuwzlqhg e| uhfxuulqj kxjh mxpsv fdxvhg
e| wkh lqwurgxfwlrq ri udglfdo lqqrydwlrqv/ l1h1 e| d yhu| odujh JUWV yrodwlolw|1

Wr vxp xs/ lq doo srvvleoh vhwxsv hyhqwxdoo| |lhoglqj vhoi0vxvwdlqlqj jurzwk/
wkh hfrqrp| glvsod|v dq xqh{shfwhgo| orz dyhudjh JUWV yduldelolw|/ lq sduwlfx0
odu zkhq rssruwxqlwlhv duh yhu| kljk1 Ixuwkhupruh/ wkh JUWV vdpsoh yrodwlolw|
frplqj iurp JQS wlph vhulhv fkdudfwhul}hg e| h{srqhqwldo jurzwk lv dw ohdvw
ri wkh vdph pdjqlwxgh ri 0 exw pruh riwhq orzhu wkdq 0 wkdw jhqhudwhg e|
vwdwlrqdu| rxwsxw uhdol}dwlrqv +l1h1 qr ru plog jurzwk,1

Hyhq pruh xqh{shfwhgo|/ vhoi0vxvwdlqlqj jurzwk hfrqrplhv dsshdu wr dwwdlq
shuvlvwhqwo| kljkhu rxwsxw jurzwk udwhv wkurxjk d vhoi0rujdql}lqj surfhvv fkdu0
dfwhul}hg e| JUWV yrodwlolw| ghfuhdvlqj lq wlph1 Wr looxvwudwh wklv surshuw|/
zh kdyh frqvlghuhg irxu surwrw|sdo hqylurqphqwv |lhoglqj7; = +d, vwdwlrqdu|
JQS wlph0vhulhv> +e, ohyhov ri JQS hyroylqj durxqg d V0vkdshg wuhqg> +f,
vhoi0vxvwdlqlqj jurzwk hphujlqj iurp d orz rssruwxqlwlhv vhwxs> dqg +g, vhoi0
vxvwdlqlqj jurzwk hphujlqj iurp d kljk rssruwxqlwlhv rqh1 Lq hdfk hqylurqphqw/

7;Wkh iroorzlqj txdolwdwlyh jurzwk sdwwhuqv dulvh urexvwo| dfurvv � ' �ffff lqghshqghqw
PF vlpxodwlrqv/ vhh Wdeoh 51
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zh kdyh frpsxwhg PFphdqv ri wkh glvwulexwlrqv ri uhfxuvlyh vxp ri vtxduhv dqg
uhfxuvlyh vwdqgdug ghyldwlrq ri JUWV/ dv zhoo dv ri vwdqgdug ghyldwlrq ri JUWV
ryhu glvmrlqw vdpsohv/ fi1 Iljxuh 591 Dv rqh wdnhv lqwr dffrxqw wkh wlph hyr0
oxwlrq ri JUWV yrodwlolw| ri hqodujlqj hfrqrphwulf vdpsohv iW3> W3.4> = = = > Wj/
iru W @ W3.53> W3.54> = = = > W dqg W3 @ 83/ d vwulnlqj sdwwhuq dulvhv1 Uhfxuvlyh
vxp ri vtxduhv ri JUWV ghyldwlrqv xvxdoo| lqfuhdvhv dv W

�
/ zlwk � A 31 Krz0

hyhu/ 4 � � ? 5 lq wkh vwdwlrqdu| JQS fdvhv/ vr wkdw uhfxuvlyh vxp ri vtxduhv
whqg wr h{sorgh/ zkloh uhfxuvlyh vwdqgdug ghyldwlrq jurzv dv W

��4
1 Frqyhuvho|/

dv vrrq dv vrph hylghqfh ri shuvlvwhqw hfrqrplf jurzwk hphujhv lq wkh v|vwhp/
� ehfrphv ohvv wkdq xqlw| 0 vhh Sdqhov +d, dqg +e, 0 dqg uhfxuvlyh vwdqgdug
ghyldwlrqv wxuq rxw wr eh prqrwrqlfdoo| ghfuhdvlqj dqg frqyhujh wrzdug vrph
srvlwlyh frqvwdqw1 Lq jhqhudo/ d qhjdwlyh fruuhodwlrq dsshduv ehwzhhq � dqg wkh
ryhudoo shuirupdqfh ri wkh hfrqrp|= wkh pruh rqh ixhov wkh v|vwhp zlwk rssru0
wxqlwlhv dqg sdwk0ghshqghqf|/ wkh kljkhu wkh udwh dw zklfk JUWV yrodwlolw|/ dv
phdvxuhg e| dyhudjh uhfxuvlyh vwdqgdug ghyldwlrq/ ghfuhdvhv lq wlph1 Wkh vdph
nlqg ri uhjxodulw| dulvhv zkhq rqh sorwv PF phdqv ri JUWV vwdqgdug ghyldwlrq
frpsxwhg ryhu glvmrlqw vxevdpsohv ^W3> W3 . n � 4`/ iru vrph �{hg n/ djdlqvw
W3 @ 4> n . 4> 5n . 4> = = = +vhh Sdqho +f,/ Iljxuh 59,1

Khqfh/ wkh prgho lv deoh wr dffrxqw iru wkh dsshdudqfh/ ryhu �qlwh wlph
shulrgv/ ri glvwlqfw sdwwhuqv +ru cskdvhv*, ri ghyhorsphqw1 H{srqhqwldo jurzwk
hphujhv dv wkh rxwfrph ri d vhoi0rujdql}dwlrq surfhvv ohdglqj wr crughuhg* JQS
wlph0vhulhv fkdudfwhul}hg e| idluo| prghudwh yduldelolw| erwk dfurvv lqghshq0
ghqw klvwrulhv dqg/ pruh lpsruwdqwo|/ zlwklq wlph uhdol}dwlrqv1 E| phdqv ri dq
lpshuihfw dgmxvwphqw surfhvv wr xqsuhglfwdeoh vwuxfwxudo fkdqjhv hqgrjhqrxvo|
lqwurgxfhg lq wkh v|vwhp/ rxu erxqghgo| udwlrqdo djhqwv duh deoh wr uhdfk qhduo|
h!flhqw djjuhjdwh vwdwhv1 Wklv cVfkxpshwhuldq* frruglqdwlrq lv pdlqo| dfklhyhg
wkurxjk qhwzrunv ri gluhfw dqg +sduwo|, orfdo lqwhudfwlrqv zklfk hvwdeolvk zkhq0
hyhu qhz nqrzohgjh edvhv dsshdu lq wkh hfrqrp|1 Wkh idfw wkdw lqwhudfwlrq
vwuxfwxuhv fdq fkdqjh lq wlph doorzv wkh v|vwhp wr hyhqwxdoo| xqorfn lwvhoi iurp
frqfhlydeoh lqh!flhqw vwdwhv lq zklfk wkh hfrqrp| frxog eh wudsshg li djhqwv
vkrxog dozd|v pdvwhu d �{hg vhw ri whfkqrorjlhv dqg lqwhudfw zlwk wkh vdph
cuhohydqw rwkhuv*1 Dv d uhvxow/ xqghu vwuxfwxudo frqglwlrqv deryh fhuwdlq wkuhvk0
rogv/ wkh hfrqrp| pdqdjhv wr vhoi0rujdql}h e| frqyh|lqj lqlwldo skdvhv ri wxu0
exohqfh lqwr dq djjuhjdwh g|qdplfv lq zklfk skdvhv ri doprvw vwhdg| srvlwlyh
jurzwk udwhv duh sxqfwxdwhg e| whpsrudu| vorzgrzqv fkdudfwhul}hg e| vpdoo
yrodwlolw|1

9 Vwdwlvwlfdo Surshuwlhv ri Vlpxodwhg JQSWlph0
Vhulhv

Lq wkh iruhjrlqj Vhfwlrqv zh kdyh dwwhpswhg wr vkhg oljkw rq wkh phfkdqlvpv
doorzlqj iru wkh hphujhqfh ri shuvlvwhqw jurzwk lq wkh prgho1 Krzhyhu/ dq
lqwhuhvwlqj txhvwlrq vwloo wr eh dqvzhuhg frqfhuqv wkh dfwxdo delolw| ri wkh prgho
wr jhqhudwh wlph0vhulhv glvsod|lqj vwdwlvwlfdo surshuwlhv vlplodu wr wkrvh h{klelwhg
e| wkh hpslulfdoo| revhuyhg rqhv1

Lq wklv vhfwlrq/ zh zloo dgguhvv wklv ch{huflvh lq sodxvlelolw|* e| wu|lqj wr vlqjoh
rxw vrph vwdwlvwlfdoo| phdvxudeoh ihdwxuhv ghwhfwhg lq wkh dfwxdo cexvlqhvv f|foh*
+h1j1 wkh pdjqlwxghv ri wkh dxwr0fruuhodwlrqv ri rxwsxw jurzwk/ wkh shuvlvwhqfh
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ri rvfloodwlrqv/ hwf1, zklfk urexvwo| dulvh dovr lq vlpxodwhg gdwd1 Lq sulqflsoh/ wzr
uhodwhg olqhv ri dqdo|vhv pljkw eh sxuvxhg1 Iluvw/ dv lq Vhfwlrq 8/ rqh frxog wu|
wr urxjko| pds uhjlrqv ri wkh sdudphwhu vsdfh lqwr gl�huhqw vwdwlvwlfdo uhjlphv
ri cexvlqhvv f|foh* vwdwlvwlfv1 Vhfrqg 0 dqg vrphzkdw vlploduo| wr zkdw kdv ehhq
grqh lq wkh olwhudwxuh xqghu wkh khdglqj cfdoleudwlrq ri Uhdo Exvlqhvv F|foh*
prghov +vhh h1j1 Frjoh| dqg Qdvrq +4<<8,, 0 rqh pljkw dwwhpsw wr glvwlqjxlvk
uhjlrqv ri wkh sdudphwhu vsdfh +li dq|, zklfk duh fdsdeoh wr jhqhudwh vlpxodwhg
JQS wlph vhulhv zkrvh ihdwxuhv h{klelw vwdwlvwlfdoo| lqvljql�fdqw gl�huhqfhv zlwk
wkrvh frpsxwhg rq wkh hpslulfdoo| revhuyhg rqhv1

Dq lqlwldo fdyhdw derxw wkh h{whqw wr zklfk wkhvh nlqgv ri dqdo|vhv fdq eh
lqirupdwlyh lv krzhyhu uhtxluhg1 Ghvslwh d kxjh hpslulfdo olwhudwxuh dlplqj
dw xqfryhulqj cvw|ol}hg idfwv* lq wkh exvlqhvv f|foh/ d yhu| olwwoh frqvhqvxv kdv
hphujhg wkurxjk wkh odvw |hduv derxw wkh dfwxdo surshuwlhv ri djjuhjdwh rxw0
sxw1 Pdq| ghedwhv vwloo uhpdlq rshq/ pdlqo| ehfdxvh wkh vwdwlvwlfdo surfhgxuhv
urxwlqho| hpsor|hg kdyh orz srzhu lq suhvhqfh ri wkh jhqhudol}hg odfn ri odujh
vsdqv ri gdwd7<1 \hduv diwhu wkh vhplqdo zrun ri Qhovrq dqg Sorvvhu +4<;5,/ iru
lqvwdqfh/ wkh txhvwlrq ri zkhwkhu hpslulfdo orj+JQS, wlph0vhulhv duh wuhqg0 ru
gl�huhqfh0vwdwlrqdu| lv vwloo xquhvroyhg83 1 Ixuwkhupruh/ dv orqj dv olqhdu xqlydul0
dwh wlph0vhulhv dqdo|vlv lv frqfhuqhg/ wkhuh vhhpv wr eh qr frqfoxvlyh lqglfdwlrq
derxw wkh ehvw sdudphwulf +DULPD, vshfl�fdwlrq �wwlqj/ h1j1/ X1V1 gh0wuhqghg
uhdo orj+JQS, vhulhv841 Lq jhqhudo/ wkh rqo| fohdu vxjjhvwlrq frplqj iurp wkh
hpslulfdo olwhudwxuh lv wkdw ri sxuvxlqj fdvh0e|0fdvh dqdo|vhv/ srvvleo| hpsor|lqj
d pxowlyduldwh dssurdfk851

Ehfdxvh ri doo wkdw/ zh kdyh fkrvhq qrw wr sxvk ixuwkhu xqlyduldwh sdudphwulf
vwxglhv 0 hlwkhu irfxvlqj rq wkh lvvxh wuhqg0 yhuvxv gl�huhqfh0vwdwlrqdulw| ru
xqfryhulqj suhihuuhg xqlyduldwh DULPD prghov iru PF vdpsohv it

p
+z,> p @ 4>

= = = >Pj861 Rq wkh frqwudu|/ zh zloo hpsor| khuh qrq0sdudphwulf dqdo|vhv wr

7<Fi1 dprqj rwkhuv Eodqfkdug dqg Ilvfkhu +4<;<, dqg Urphu +4<<9,1
83 Lw lv d zhoo0nqrzq uhvxow wkdw vwdqgdug DGI whvwv iru *vwrfkdvwlf qrq0vwdwlrqdulw|* vx�hu

iurp yhu| orz srzhu djdlqvw qhdue| *wuhqg0vwdwlrqdu|* dowhuqdwlyhv1 Pdq| dxwkruv kdyh lqghhg
suryhq wkdw wkh| duh lqkhuhqwo| lqfdsdeoh wr glvfulplqdwh ehwzhhq wkh qxoo dqg wkh dowhuqdwlyh
k|srwkhvhv rq wkh edvlv ri d �qlwh vdpsoh ri revhuydwlrqv +vhh h1j1 Eorxj +4<<5,/ Fkulvwldqr
dqg Hlfkhqedxp +4<;<, dqg Uxghexvfk +4<<6,,1 Frqyhuvho|/ pdq| rwkhu frqwulexwlrqv kdyh
uhfhqwo| dsshduhg vxjjhvwlqj wkdw xqlw0urrw whvwv fdq eh qrqhwkhohvv lqirupdwlyh/ dw ohdvw ryhu
orqj vsdqv +GhMrqj dqg Zklwhpdq +4<<4/ 4<<7,,1 Lq wklv frqqhfwlrq/ Frfkudqh +4<;;, kdv
srlqwhg rxw wkdw wkh xvh ri orqjhu JQS vdpsohv +dv lq rxu fdvh, pd| surgxfh vkdushu xqlw0urrw
lqihuhqfh1 \hw/ hylghqfh vwhpplqj iurp wklv vwudqg ri olwhudwxuh vhhpv wr frqfoxgh wkdw X1V1
djjuhjdwh rxwsxw lv qrw olnho| wr eh gl�huhqfh vwdwlrqdu| +Glherog dqg Vhqkdgml +4<<9,,1 Qrwlfh
dovr wkdw wkh glvwlqfwlrq ehwzhhq wuhqg0 dqg gl�huhqfh0vwdwlrqdulw| lv srwhqwldoo| lpsruwdqw
rqo| lq hfrqrplf iruhfdvwlqj/ exw pljkw qrw eh vr fulwlfdo lq pdq| rwkhu frqwh{wv1

84Vhh/ dprqj rwkhuv/ wkh frqwudvwlqj �qglqjv vwhpplqj iurp Zdwvrq +4<;9,/ Fdpsehoo
dqg Pdqnlz +4<;:,/ Fodun +4<;:,/ Vwrfn dqg Zdwvrq +4<;;,/ Jdjqrq +4<;;,/ Eodqfkdug dqg
Ilvfkhu +4<;<,1

85Fi1 Eodqfkdug dqg Txdk +4<;<, dqg Frfkudqh +4<<7,1 Xqiruwxqdwho|/ wkh hqgrjhqhlw| ri
doo yduldeohv jhqhudwhg lq wkh prgho suhyhqwv xv iurp dq| phdqlqjixo pxowlyduldwh dqdo|vlv1

86Dv zh kdyh douhdg| srlqwhg rxw lq Vhfwlrq 815/ wkh vlpxodwhg *L}+JQS, wlph0vhulhv ^6E/�
wxuq rxw wr eh gl�huhqfh vwdwlrqdu| doprvw dozd|v deryh zhoo0gh�qhg wkuhvkrog lq wkh sd0
udphwhu vsdfh1 Ghvslwh doo wkh gudzedfnv ri DGI whvwv/ wklv uhvxow vhhpv wr pdwfk wkrvh
rewdlqhg hduolhu iru X1V1 JQS e| Qhovrq dqg Sorvvhu +4<;5, dqg Vwrfn dqg Zdwvrq +4<;9,1
Iru rssrvlwh �qglqjv/ fi1 Glherog dqg Vhqkdgml +4<<9,1 Dv wr suhihuuhg xqlyduldwh prg0
hov iru {^6E/�/ suholplqdu| dqdo|vhv jhqhudoo| glvsod| uhvxowv vlplodu wr wkrvh lq Fdpsehoo
dqg Pdqnlz +4<;:,1 Jlyhq wkh zhoo0nqrz gudzedfnv ri vhohfwlrq surfhgxuhv edvhg rq erwk
Dndlnh dqg Vfkzduw} fulwhuld/ zh kdyh vlpso| vhohfwhg wkh DUPDERc ^� vshfl�fdwlrq zklfk
prvw iuhtxhqwo| jhw wkh pd{lpxp olnholkrrg jlyhq R n ^ +ryhu � ' Df Prqwhfduor uhsolfd0
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lqyhvwljdwh vrph lpsruwdqw ihdwxuhv frqfhuqlqj wkh dxwrfruuhodwlrq vwuxfwxuh ri
rxwsxw jurzwk udwhv dqg wkh shuvlvwhqfh surshuwlhv ri wkh cexvlqhvv f|foh*1

Rqh ri wkh ihz xqtxhvwlrqhg cvw|ol}hg idfwv* ri X1V1 txduwhuo| JQS jurzwk 0
dovr revhuyhg lq rwkhu Frxqwulhv/ zlwk vrph qrwdeoh h{fhswlrqv= vhh Fdpsehoo
dqg Pdqnlz +4<;<, 0 lv wkdw lw lv srvlwlyho| dxwrfruuhodwhg ryhu vkruw krul}rqv/
zkloh wkh dxwrfruuhodwlrq ixqfwlrq +DFI, ryhu kljkhu odjv lv qrw vljql�fdqwo|
gl�huhqw iurp }hur1 Lq sduwlfxodu/ wkh �uvw JQS jurzwk DFI frh!flhqw dsshduv
wr eh odujh dqg srvlwlyh iru X1V1/ Fdqdgd/ Lwdo| dqg/ wr d ohvv h{whqw/ Mdsdq1

Iljxuh 5: vkrzv wkh PF phdqv +ryhu P @ 4333 uhsolfdwlrqv, ri wkh DFI ri
JQS jurzwk lq vrph sdudgljpdwlf sdudphwhu uhjlrqv |lhoglqj L+4, sdwwhuqv ri
orj+JQS, wlph0vhulhv1 Fohduo|/ wkh prgho lv shuihfwo| deoh wr urexvwo| uhsolfdwh
wkh deryh vwdwlvwlfdo surshuw|/ lq sduwlfxodu zkhq lqwhudfwlrqv duh joredo dqg
rssruwxqlwlhv duh odujh hqrxjk1 Lq doo wkhvh fdvhv/ wkh srvlwlyh vkrfnv wr rxwsxw
jurzwk udwhv frplqj iurp lqqrydwlrqv duh doprvw lqvwdqwdqhrxvo| vsuhdg lq wkh
hfrqrp|/ ohdglqj wr kljk dqg srvlwlyh �uvw0 dqg vhfrqg0rughu dxwrfruuhodwlrq
frh!flhqwv/ iroorzhg e| lqvljql�fdqw ydoxhv ryhu orqjhu krul}rqv1 Frqyhuvho|/
zkhq lqwhudfwlrqv duh orfdo dqg rssruwxqlwlhv duh orz/ JQS jurzwk grhv qrw
glvsod| DFI frh!flhqwv vljql�fdqwo| gl�huhqw iurp }hur +dv wkh| doprvw dozd|v
idoo lqvlgh wkh 8( Eduwohww frq�ghqfh edqgv,1 Qrwlfh dovr wkdw wkh dvvrfldwhg
hvwlpdwhv iru wkh vshfwudo ghqvlwlhv87 / doehlw pxfk vprrwkhu wkdq wkh hpslulfdo
rqhv/ xvxdoo| glvsod| d shdn durxqg orz iuhtxhqflhv dqg wkhq whqg wr ghfuhdvh
dv wkh ohqjwk ri wkh shulrg ehfrphv vpdoo/ fi1 Iljxuh 5;1

Wr jhw d txdqwlwdwlyh phdvxuh ri zkhwkhu wkh prgho lv uhdoo| deoh wr uhsolfdwh
hpslulfdoo| revhuyhg dxwrfruuhodwlrq ixqfwlrqv +DFI, iru rxwsxw jurzwk/ zh
kdyh dovr frpsxwhg jhqhudol}hg T0vwdwlvwlfv gh�qhg dv=

Tdfi @ +u � u+$,,3^Y+$,`�4+u � u+$,,

zkhuh u lv wkh n0yhfwru frqwdlqlqj wkh hpslulfdoo| revhuyhg DFI> u+$, lv wkh
n0yhfwru frqwdlqlqj wkh PFphdqv +frpsxwhg ryhuP @ 4333 lqghshqghqw vlpx0
odwlrqv, ri wkh hvwlpdwhg DFI jhqhudwhg e| wkh prgho xqghu wkh sdudphwul}dwlrq
$ 5 
/ l1h1=

u+$, @
4

P

P[
p@4

up+$,

dqg Y+$, lv wkh n � n PF fryduldqfh pdwul{=

Y+$, @
4

P

P[
p@4

+up+$,� u+$,,+up+$,� u+$,,3

Jhqhudol}hg T0vwdwlvwlfv duh dssur{lpdwho| "5+n, glvwulexwhg1 Wdeoh 6 vkrzv

wlrqv,1 Whohjudsklfdoo|/ {^6E/� dsshdu wr eh DUPDE�c f� ru DUPDEfc 2� zkhq lqwhudfwlrqv
duh orfdo dqg sdwk0ghshqghqf| lv orz/ zkloh vhhp wr eh ehwwhu ghvfulehg e| DUPDE�c f� ru
DUPDE2c 2� zkhq lqwhudfwlrqv duh joredo dqg sdwk0ghshqghqf| lv kljk1

87Vshfwudo ghqvlwlhv kdyh ehhq hvwlpdwhg e| vprrwklqj wkh shulrgrjudp xvlqj d Eduwohww
zlqgrz ri & ' �ff dqg sorwwhg lq wkh iuhtxhqf| grpdlq dfc ���e��o/ vfdohg wr pdwfk wkh xqlw
lqwhuydo1
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vrph uhvxowv rewdlqhg iru n @ 83881 Wkh prgho dsshduv wr jhqhudwh yhu| vlplodu
dxwrfruuhodwlrq vwuxfwxuhv iru X1V1 dqg Lwdo| lq erwk joredo dqg orfdo lqwhudf0
wlrq vhwxsv1 Pruhryhu/ ehfdxvh DFIv iru vrph Hxurshdq frxqwulhv suhvhqw yhu|
gl�huhqw sdwwhuqv/ zlwk qhjdwlyh orz0odjv frh!flhqwv +h1j1 Iudqfh/ X1N1/ Jhu0
pdq|,/ rqh lv qrw deoh wr uhmhfw wkh qxoo ri lqvljql�fdqw gl�huhqfhv ehwzhhq
hpslulfdo dqg vlpxodwhg DFI dovr lq wkh orfdo lqwhudfwlrq fdvh1

Dqrwkhu surplqhqw ghedwh lq wkh vwxg| ri exvlqhvv f|foh/ vwurqjo| uhodwhg
wr wkh dqdo|vlv ri wkh vwuxfwxuh ri DFI rxwsxw jurzwk/ frqfhuqv wkh lvvxh ri
zkhwkhu JQS  xfwxdwlrqv duh fkdudfwhul}hg e| d shupdqhqw frpsrqhqw dqg/ li
vr/ krz elj vxfk d frpsrqhqw pljkw eh1 Lqghhg/ li rxwsxw ohyhov zhuh vwdwlrqdu|
durxqg dq h{rjhqrxv wuhqg/ dq| vkrfnv wr JQS zrxog hyhqwxdoo| glh rxw dqg
orqj0whup iruhfdvw zloo eh xqd�hfwhg1 Rq wkh frqwudu|/ li JQS ohyhov frxog
eh ghvfulehg e| d udqgrp zdon +ru dq hyhq pruh shuvlvwhqw surfhvv,/ wkhq wkh
vhulhv zrxog frqwlqxh wr glyhujh iurp lwv suhylrxvo| iruhfdvw rqfh dq lqqrydwlrq
rffxuv1

Iroorzlqj Fdpsehoo dqg Pdqnlz +4<;:/ 4<;<, dqg Frfkudqh +4<;;,/ zh
kdyh frqvlghuhg wzr qrq0sdudphwulf phdvxuhv ri shuvlvwhqfh ri JQS  xfwxdwlrqv
edvhg rq vdpsoh hvwlpdwhv ri dxwr0fruuhodwlrqv ri rxwsxw jurzwk +fi1 Dsshqgl{
7 iru ghwdlov,1

Dv Wdeoh 7 fohduo| vkrzv/ erwk phdvxuhv ghfuhdvhv dv wkh zlqgrz vl}h n
jurzv/ exw jhqhudoo| vwdelol}hv durxqg ydoxhv h{fhhglqj xqlw| lq doo wkh h{0
shulphqwhg sdudphwul}dwlrqv1 Wklv uhvxow/ txlwh lq wxqh zlwk wkh �qglqjv ri
Fdpsehoo dqg Pdqnlz +4<;<,/ lpsolhv wkdw rxu vlpxodwhg JQS wlph0vhulhv gr
qrw dsshdu wr uhyhuw wrzdug dq| vprrwk h{rjhqrxv wuhqg dqg h{klelw yhu| shu0
vlvwhqw  xfwxdwlrqv= d 4( vkrfn wr rxwsxw vkrxog lqghhg fkdqjh wkh orqj0uxq
xqlyduldwh iruhfdvw ri JQS ohyhov e| idu pruh wkdq 4(1 Dovr/ shuvlvwhqfh wxuqv
rxw wr eh kljkhu wkh pruh lqwhudfwlrqv duh joredo/ wkh odujhu wkh olnholkrrg ri
cudglfdo* lqqrydwlrqv dqg wkh vpdoohu wkh ghqvlw| ri lvodqgv lq wkh hfrqrp|1

Qrwlfh/ krzhyhu/ wkdw erwk hvwlpdwhg phdvxuhv/ doehlw qrq0sdudphwulf/ gr
glvsod| vljql�fdqw gudzedfnv1 Iluvw/ dv qrwlfhg deryh/ wkh| vwurqjo| ghshqg rq
wkh dydlodelolw| ri orqj vsdqv ri gdwd/ vr wkdw Fdpsehoo dqg Pdqnlz*v hpslulfdo
uhvxowv frxog qrw eh vr lqirupdwlyh1 Pruhryhu/ vwdqgdug huuruv ri wkh hvwlpdwhg
Y n duh xvxdoo| yhu| odujh +fi1 Wdeoh 7 dqg Dsshqgl{ 7,1 Wklv lpsolhv wkdw lv
riwhq yhu| kdug wr glvwlqjxlvk li dq hvwlpdwhg phdvxuh juhdwhu wkdq xqlw| uhdoo|
frphv iurp d qrq0vwdwlrqdu| kljk0shuvlvwhqw surfhvv1 Krzhyhu/ dv vwdqgdug
huuruv duh lqfuhdvlqj zlwk wkh zlqgrz vl}h n/ rqh lv pruh olnho| wr jhw d orz Y n

iurp dq kljko| shuvlvwhqfh surfhvv wkdq d odujh Y n iurp d ohvv shuvlvwhqw rqh1

: Vrph H{whqvlrqv ri wkh Edvlf Prgho

Lq wkh suhvhqw Vhfwlrq/ zh zloo vkrz krz wkh prgho fdq eh qdwxudoo| h{whqghg
wr ghdo zlwk vrph lvvxhv ri lqwhuhvw lq irupdo jurzwk olwhudwxuh1 Iluvw/ wkh dv0
vxpswlrq ri d frqvwdqw srsxodwlrq vl}h zloo eh uhod{hg vr dv wr vwxg| zkhwkhu
cvfdoh h�hfwv* dulvh lq wkh prgho1 Vhfrqg/ zh zloo lqwurgxfh vrph dowhuqdwlyh
vshfl�fdwlrqv ri wkh h{sorudwlrq sd|0r� vwuxfwxuh lq rughu wr uhfrqvlghu wkh
vrxufhv ri wkh h{sorudwlrq0h{sorlwdwlrq wudgh0r�1 Ilqdoo|/ zh zloo looxvwudwh wkh

88Rxu uhvxowv duh qrw gudpdwlfdoo| d�hfwhg e| wklv fkrlfh1 Lqwhuqdwlrqdo gdwd duh krprjh0
qhrxv wr wkrvh lq Fdpsehoo dqg Pdqnlz +4<;<, dqg uhihu wr txduwhuo| rxwsxw jurzwk iurp
4<93=4 wr 4<<3=7 +Vrxufh= Lqwhuqdwlrqdo Prqhwdu| Ixqg,1

5<



srwhqwldo frq lfwv ehwzhhq lqglylgxdo ehkdylruv dqg froohfwlyh hfrqrplf shuiru0
pdqfh/ dulvlqj lq wkh prgho ehfdxvh ri wkh lqwurgxfwlrq ri khwhurjhqhlw|/ hlwkhu
lq djhqwv czloolqjqhvv wr h{soruh* ru lq wkh yhu| vwuxfwxuh ri djhqwv* ehkdylrudo
uxohv1

:14 Vl}h ri wkh Hfrqrp| dqg Vfdoh H�hfwv

D zhoo0nqrzq gudzedfn ri pdq| prghov ri hqgrjhqrxv jurzwk edvhg rq vrph
irupv ri lqfuhdvlqj uhwxuqv 0 lqyroylqj ghshqghqfh ri d  rz yduldeoh xsrq d vwrfn
yduldeoh/ h1j1 duulydov ri whfkqrorjlfdo ceoxhsulqwv* dv d ixqfwlrq ri wkhlu ohyhov 0 lv
wkdw vkhhu vfdoh h�hfwv lq xhqfh rxwsxw jurzwk udwhv891 Iru lqvwdqfh/ pdq| rqh0
idfwru prghov/ vxfk dv Urphu +4<;9,/ suhglfw wkdw jurzwk udwhv duh lqfuhdvlqj/
rwkhu wklqjv ehlqj htxdo/ lq wkh vl}h ri wkh srsxodwlrq1 Ixuwkhupruh/ zkhq
rqh frqvlghuv h{whqvlrqv ri wkhvh edvlf prghov 0 vxfk dv pxowl0idfwruv prghov
+Djklrq dqg Krzlww +4<<5,/ Jurvvpdq dqg Khospdq +4<<4d, dqg Urphu +4<<3,,
dqg zlwk lqwhuqdwlrqdo wudgh +Jurvvpdq dqg Khospdq +4<<4f,, 0 wkh vwdqgdug
uhvxow lv wkdw jurzwk udwhv duh lqfuhdvlqj lq wkh idfwru xvhg lqwhqvlyho| lq wkh
clqqrydwlyh* dfwlylw| +h1j1 wkh vwrfn ri vnloohg oderu,1

Wkh suhvhqw prgho/ qrwzlwkvwdqglqj lqfuhdvlqj uhwxuqv wr ohduqlqj/ grhv qrw
glvsod| wkdw xquhdvrqdeoh surshuw|8:1 Iljxuh 5< ghslfwv wkh ehkdylru ri PF
phdqv ri DJUv dv d ixqfwlrq ri wkh srsxodwlrq vl}h +Q, dqg ri wkh hfrqrphw0
ulf vdpsoh vl}h +W ,/ lq d sdudphwhul}dwlrq vhwxs xvxdoo| |lhoglqj vhoi0vxvwdlqlqj
jurzwk1 Li dq|/ zhdn hylghqfh rq idoolqj DJUv wkh odujhu wkh vl}h ri wkh hfrqrp|
iru d jlyhq wlph0ohqjwk hphujhv1 Pruhryhu/ DJUv gr qrw glvsod| dq| prqrwrqh
sdwwhuq zkhq Q dqg W erwk lqfuhdvh1 Wkh lqwxlwlrq ehklqg wklv uhvxow lv wkdw/
zkloh fhwhulv sdulexv odujhu hfrqrplhv idfh srwhqwldoo| kljkhu uhwxuqv wr nqrzo0
hgjh h{sorlwdwlrq/ lw lv dovr wuxh wkdw wkh| pxvw frsh/ lq suredelolw|/ zlwk kljkhu
cdgmxvwphqw odjv* wr qhz nqrzohgjh edvhv +dv sur{lhg lq rxu prgho e| wkh wlph
lw wdnhv wr pryh d fhuwdlq iudfwlrq ri wkh Q djhqwv wr wkh qrwlrqdoo| vxshulru
lvodqgv,1 Khqfh/ odujhu hfrqrplhv zklfk duh srwhqwldoo| deoh wr ixoo| h{sorlw
lqfuhdvlqj uhwxuqv wr dq| rqh nqrzohgjh edvh qhhg dovr d uhodwlyh orqjhu wlph
wr dfklhyh shuvlvwhqwo| kljkhu jurzwk udwhv1

Lq rughu wr r�hu d srvvleoh vroxwlrq wr wkh cvfdoh h�hfw* sureohp frpprq wr
pdq| chqgrjhqrxv jurzwk* prghov/ Mrqhv +4<<8d, kdv ghyhorshg dq dowhuqdwlyh
vshfl�fdwlrq lpso|lqj/ lq wkh vwhdg| vwdwh/ d srvlwlyh fruuhodwlrq ehwzhhq rxwsxw
jurzwk udwh dqg srsxodwlrq jurzwk udwh1 Wklv lpsolfdwlrq/ zklfk grhv qrw vhhp

89Zh uhihu khuh wr U)G0edvhg prghov ri hqgrjhqrxv jurzwk/ vxfk dv h1j1 Urphu +4<<3,
dqg Jurvvpdq dqg Khospdq +4<<4d/e,1 Lq wkhvh prghov/ vl}h0h�hfwv vwhp iurp wkuhh uhodwhg
dvvxpswlrqv/ qdpho| +l, whfkqrorj| lv qrq ulydo/ vr wkdw lqfuhdvhv lq wkh vfdoh ri wkh hfrqrp|
hqwdlo odujhu sur�wv iru doo lqqrydwruv> +ll, wkhuh duh vwurqj lqwhu0whpsrudo vslooryhuv/ l1h1 hdfk
lqqrydwru fdq lpsuryh h{lvwlqj whfkqrorj| dw dq| wlph> dqg +lll, qhz whfkqrorjlhv duh vxevwlwxwh
iru wkh rog rqhv/ vr wkdw uhwxuqv wr lqqrydwlrq duh ghfuhdvlqj lq wkh udwh ri lqqrydwlrq1 Doo
wklv lpsolhv wkdw vwhdg| vwdwh dqdo|vlv kdv wr eh frqgxfwhg lq wkh }hur srsxodwlrq0jurzwk fdvh1
Frqyhuvho|/ lq pdq| prghov lq zklfk jurzwk lv hqgrjhqrxvo| jhqhudwhg e| wkh dffxpxodwlrq
ri kxpdq dqg sk|vlfdo ulydo fdslwdo/ dq| lqfuhdvh lq wkh vfdoh ri wkh hfrqrp| kdv qr lpsdfw
rq jurzwk udwhv +fi1 Oxfdv +4<;;,/ Mrqhv dqg Pdqxhool +4<<3, dqg Uhehor +4<<4,,1

8:Hyhq wkrxjk hpslulfdo uhvxowv vhhp wr vwurqjo| uhmhfw wkdw h1j1 jurzwk udwh ri shu fdslwd
JGS ehduv d vljql�fdqwo| srvlwlyh uhodwlrq zlwk wkh vl}h ri wkh zrunlqj0djh srsxodwlrq dw d

frxqwu| ohyho 0 fi1 Mrqhv +4<<8e,/ PfJudwwdq dqg Vfkplw} +4<<;, dqg Eduur dqg Vdod0|0Pduwlq
+4<<8, 0 vrph dxwkruv kdyh dujxhg wkdw wklv lv qrw vr zkhq kljkhu ohyhov ri djjuhjdwlrq +h1j1
zruog srsxodwlrq, ru orzhu rqhv +l1h1 uhjlrqdo hfrqrplhv, duh frqvlghuhg/ fi1 Nuhphu +4<<6,1
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wr eh uhmhfwhg e| hpslulfdo gdwd8; / lv dovr vkduhg e| rxu prgho zkhq rqh dvvxphv
wkdw/ lqvwhdg ri ehlqj frqvwdqw/ wkh srsxodwlrq h{rjhqrxvo| jurzv dw d udwh
� A 3/ l1h1=

Qw.4 @ i+Qw, @ e+4 . �,Qwf> w � 3>

dqg wkdw wkh cqhz eruq* djhqwv �Qw.4 @ i+Qw, � Qw duh udqgrpo| glv0
wulexwhg dfurvv wkh Ow fxuuhqwo| nqrzq lvodqgv8< 1 Pruhryhu/ dv Iljxuh 63 fohduo|
vkrzv/ DJUv duh olqhduo| lqfuhdvlqj zlwk � lq doo uhohydqw sdudphwul}dwlrqv/ dv
wkh prgho lq Mrqhv +4<<8d, lpsolhv dv idu dv frpsdudwlyh vwdwlfv h{huflvhv duh
frqfhuqhg1

:15 Wkh Vwuxfwxuh ri wkh H{sorudwlrq 0 H{sorlwdwlrq Sd|0
r�= Dq Dowhuqdwlyh Vshfl�fdwlrq

Wzr nh| lqjuhglhqwv gulylqj wkh hphujhqfh ri vhoi0vxvwdlqlqj jurzwk lq wkh hfrq0
rp| duh/ �uvw/ wkh sduwlfxodu ehkdylrudo uxoh jryhuqlqj h{sorudwlrq +vhh Htv1 9
dqg :, dqg/ vhfrqg/ wkh dvvxpswlrq wkdw whfkqrorjlfdo vhdufk wdnhv sodfh ryhu d
vrphzkdw c dw* vwrfkdvwlf sd|r� odqgvfdsh +l1h1 � frqvwdqw dfurvv wkh odwwlfh,1
Dq lpphgldwh lpsolfdwlrq ri wkh odwwhu k|srwkhvhv lv wkdw/ rqfh d plqhu kdv
ghflghg wr vwduw vhdufklqj/ wkh suredelolw| ri �qglqj dq lvodqg lq d �qlwh qxp0
ehu ri wlph shulrgv w� frqyhujhv wr 4 dv w� $ 4931 Frqvhtxhqwo| wkh ch{shfwhg*
uhwxuqv iurp wkh dfwlylw| ri h{sorudwlrq vkrxog eh 0 ghvslwh wkhlu h{wuhph yrodwlo0
lw| 0 w|slfdoo| odujhu wkdq wkrvh +fhuwdlq, vwhpplqj iurp wkh h{sorlwdwlrq ri wkh
h{lvwlqj nqrzohgjh edvhv1

Wr vxssruw wklv frqfoxvlrq/ ohw xv ohw xv vwduw e| frqvlghulqj wkh sd|r�
odqgvfdsh idfhg e| wkh plqhu l 5 L/ zrunlqj dw wlph w @ w3 rq lvodqg m3 �
+{3> |3, li lw ghflghv wr ehfrph dq h{soruhu1 Jlyhq dq lqlwldo +fhuwdlq, rxwsxw
ri tl>w3 / wkh sd|r�v ri djhqw l duh ghvfulehg e| wkh uhdol}dwlrqv ri wkh vwrfkdvwlf
surfhvv iatl>wj4w@w3.4 / atl>w � 3/ zkhuh atl>w @ atl>w+{3> |3> tl>w3 >$, dqg $ 5 
1 Lq
jhqhudo/ wkh suredelolw| vwuxfwxuh ri vxfk d surfhvv lv d yhu| frpsolfdwhg remhfw1
Frqvhtxhqwo|/ lw pljkw eh frqyhqlhqw wr dqdo|}h d vhwwlqj lq zklfk lqirupdwlrq
gl�xvlrq lv devhqw +l1h1 ohw � @ 4,1 Qrwlfh wkdw lq wklv fdvh/ vlqfh djhqwv
fdqqrw lplwdwh rwkhu whfkqrorjlhv/ wkh vwduwlqj lvodqg m3 zloo nhhs lwv srsxodwlrq
+rq dyhudjh, frqvwdqw1 Khqfh/ tl>w3 fdq eh wdnhq dv d phdvxuh ri uhwxuqv wr
h{sorlwdwlrq dqg frqwudvwhg zlwk vrph phdvxuh ri uhwxuqv iurp h{sorudwlrq941
Frqfhuqlqj wkh odwwhu/ ohw xv gh�qh wkh h{shfwhg uhwxuq ri djhqw l dw wlph w/ dv=

8;Dw ohdvw li wkh prgho lv wdnhq dv uhohydqw iru wkh Zruog hfrqrp|/ vhh PfJudwwdq dqg
Vfkplw} +4<<;,1

8<Wklv lpsolfdwlrq krogv d iruwlrul zkhq wkh qhz {�|n� xqlwv duh glvwulexwhg dprqj wkh
fxuuhqwo| frorql}hg lvodqgv rqo|/ hlwkhu udqgrpo| ru zlwk suredelolwlhv sursruwlrqdo wr wkh
qxpehu ri plqhuv fxuuhqwo| zrunlqj rq wkhp1

93 Lqghhg/ glvuhjduglqj wkh h�hfw ri lqirupdwlrq gl�xvlrq/ wkh suredelolw| wkdw dq h{soruhu
zloo �qg dq lvodqg diwhu +h{dfwo|, r shulrgv ri h{sorudwlrq lv ZE� 3 Z�r3�/ zklfk vxpv wr 4
ryhu r ' �c 2c � � � 1

94 Lw lv zruwk qrwlqj wkdw lq wkh iroorzlqj zh duh qrw dgguhvvlqj dq| lqglylgxdo0fkrlfh lvvxhv1
Djhqwv duh qrw vxssrvhg wr krog wkh udwlrqdo fdsdelolwlhv qhfhvvdu| wr frpsduh h{shfwhg
vwuhdpv ri uhwxuqv iurp gl�huhqw dfwlylwlhv ehiruh wdnlqj wkhlu ghflvlrqv1 D vlpsoh vhwwlqj lq
zklfk wkh djjuhjdwh frqvhtxhqfhv vwhpplqj iurp txdvl udwlrqdo yv1 luudwlrqdo ghflvlrqv duh
frpsduhg lv suhvhqwhg lq wkh Vhfwlrq :161
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zkhuh D+vw @ atl>w, vwdqgv iru wkh hyhqw c�qglqj d qhz lvodqg dw wlph w zlwk
d surgxfwlylw| frh!flhqw vw @ atl>w*/ �� @ �+4 � �,w�w3�4 @ �+4 � �,h lv wkh
suredelolw| ri �qglqj dq lvodqg dw wlph w kdylqj ohiw lvodqg m3 dw wlph w3/ dqg
h . 4 @ w � w3 lv wkh dfwxdo gxudwlrq ri h{sorudwlrq1 Pruhryhu/ dv wkh hyhqwv
c�qglqj d qhz lvodqg d wlph w* duh pxwxdoo| h{foxvlyh/ wkh wrwdo h{shfwhg uhwxuq
iurp h{sorudwlrq Hw3 ^atl` uhdgv

95=

Hw3 ^atl` @ Hw3 ^
4[

w@w3.4

atl>w` @ +4 . �,+g3 . * � tl>w3, +46,

Qrwlfh wkdw Hw3 ^atl>w` lv qrw prqrwrqlfdoo| lqfuhdvlqj lq wkh rssruwxqlwlhv
sdudphwhu �1 Lqghhg/ h{shfwhg uhwxuqv dw wlph w duh lqfuhdvlqj lq wkh suredelolw|
ri �qglqj dq lvodqg rqo| zkhq wkh dfwxdo gxudwlrq ri h{sorudwlrq w � w3 lv ohvv
wkdq lwv h{shfwhg ohqjwk � @ 4@�1 Rq wkh rwkhu kdqg/ wrwdo h{shfwhg uhwxuqv
duh lqghshqghqw rq � dv dq| h{soruhu zloo hyhqwxdoo| �qg d qhz lvodqg1

D vwudljkwiruzdug frpsdulvrq ehwzhhq wrwdo dqg wlph0w h{shfwhg sd|r�v iurp
h{sorudwlrq dqg uhwxuqv wr h{sorlwdwlrqv |lhogv=

Hw3 ^atl` � tl>w3 +,
�

tl>w3 � 4.�
4�+4.�,*g3 @ f4+�> *, � g3 li +4 . �,* � 4

dozd|v li +4 . �,* A 4

+47d,

Hw3 ^atl>w` � tl>w3 +,
+

tl>w3 � ��+4.�,
4���+4.�,* @ f5+�> *> �> h, � g3 li +4 . �,*�� � 4

dozd|v li +4 . �,*�� A 4

+47e,

Khqfh/ luuhvshfwlyh ri wkh ghqvlw| ri lvodqgv lq wkh hfrqrp|/ wrwdo h{shfwhg
uhwxuqv iurp h{sorudwlrq dozd|v ryhufrph uhwxuqv iurp h{sorlwdwlrq zkhqhyhu
sdwk0ghshqghqf| dqg2ru wkh olnholkrrg ri udglfdo lqqrydwlrqv duh odujh hqrxjk 0
fi1 Ht1 +47d,1 Dv � � 4/ wklv lv wuxh zkhqhyhu* � 4

5 1 Frqyhuvho|/ li +4.�,* � 4/

95Htv1 +45, dqg +46, krog ehfdxvh= +l, doo udqgrp yduldeohv duh vwrfkdvwlfdoo| lqghshqghqw>
dqg/ +ll, �& ' �c 2c � � � c �| G �ht	̂�c|n& : f � 	̂�c| : f� ' f1
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lqhtxdolw| Hw3 ^atl` � tl>w3 vwloo krogv li lqlwldo rxwsxw lv vpdoohu wkdq d pxowlsoh
f4+�> *, � 3 ri g31 Dv h{shfwhg/ zkhq * dqg � duh vpdoo hqrxjk/ h{soruhuv
jhw ehwwhu sd|r�v wkh juhdwhu wkh glvwdqfh iurp wkh ruljlq ri wkh vwduwlqj lvodqg
dqg wkh vpdoohu lqlwldo rxwsxw1 Lqghhg/ zkhq sdwk0ghshqghqf| lv zhdn/ lqlwldo
rxwsxw grhv qrw vwurqjo| d�hfw ohduqlqj e| grlqj +* vpdoo,1 Dovr/ wkh olnholkrrg
ri jhwwlqj d kljkhu surgxfwlylw| frh!flhqw iru d qhzo| glvfryhuhg lvodqg lv odujhu
wkh juhdwhu wkh glvwdqfh iurp wkh ruljlq ri wkh lvodqg wkh h{soruhu kdv vwduwhg
iurp1 Ilqdoo|/ dv Cf4@C� A 3 dqg Cf4@C* A 3/ uhwxuqv iurp h{sorudwlrq zloo eh
odujhu wkh pruh olnho| duh udglfdo lqqrydwlrqv dqg wkh vwurqjhu sdwk0ghshqghqf|1

Zkhq wlph0w h{shfwhg uhwxuqv iurp h{sorudwlrq duh frpsduhg wr lqlwldo rxw0
sxw 0 vhh Ht1 +47e, 0 wkh gxudwlrq ri h{sorudwlrq h.4 @ w� w3 ehfrphv d fuxfldo
yduldeoh1 Lqghhg wkh suredelolw| �� ri �qglqj d qhz lvodqg dw wlph w +kdylqj ohiw
lvodqg m3 dw wlph w3, lv ghfuhdvlqj lq h1 Krzhyhu/ �� lv lqfuhdvlqj lq � zkhq wkh
dfwxdo gxudwlrq ri h{sorudwlrq +h . 4, lv vpdoohu wkdq wkh h{shfwhg rqh +4@�,1
Wkhq/ lq dgglwlrq wr odujh ydoxhv ri * dqg �/ wkh lqhtxdolw| ��*+4 . �, A 4
lv pruh olnho| wr eh vdwlv�hg wkh vpdoohu h +iru d jlyhq �, dqg wkh pruh � lv
vx!flhqwo| forvh wr 4@+4 . h, +iru d jlyhq h,1 Lqwxlwlyho|/ wkh wlph0w qhw uhwxuqv
iurp h{sorudwlrq duh dozd|v srvlwlyh zkhq wkh olnholkrrg ri �qglqj dq lvodqg dw
wlph w +l1h1 �, lv odujh hqrxjk dqg zkhq wkh gxudwlrq ri h{sorudwlrq lv forvh wr
lwv h{shfwhg ydoxh1

D vwudljkwiruzdug frqvhtxhqfh lv wkdw/ zkhq lqirupdwlrq gl�xvlrq lv vxshu0
lpsrvhg wr wkh surfhvvhv ri h{sorlwdwlrq/ h{sorudwlrq dqg lqqrydwlrq/ qhw uhwxuqv
iurp h{sorudwlrq duh olnho| wr eh/ rq dyhudjh/ dozd|v srvlwlyh 0 erwk lq wkh orqj
dqg lq wkh vkruw uxq 0 iru d yhu| odujh uhjlrq ri wkh sdudphwhu vsdfh1 Wklv lv
sulpdulo| gxh wr wkh c dwqhvv* dvvxpswlrqv pdgh derxw wkh suredelolw| vwuxf0
wxuh ri wkh sd|r� odqgvfdsh idfhg e| wkh h{soruhuv1 Lq sduwlfxodu/ iru doo w/
wkh udqgrp rxwsxw atl>w/ jlyhq atl>n @ 3/ n @ w3 . 4> = = = > w � 4/ zloo eh htxdo wr
+4.Z ,+g3.*tl>w3.', zlwk suredelolw| � dqg 3 zlwk suredelolw| 4��1 Wkhuh0
iruh/ hdfk h{soruhu zloo rq dyhudjh idfh d frqvwdqw +wkrxjk sdwk0ghshqghqw dqg
lqglylgxdo0vshfl�f, sd|r�/ qr pdwwhu krz odujh lv w dqg krz idu lw zloo eh iurp
wkh lvodqg lw vwduwhg iurp1

Dq lqwhuhvwlqj txhvwlrq wkhq dulvhv/ qdpho|= Zloo wkh prgho vwloo eh deoh wr
jhqhudwh sdwwhuqv ri vhoi0vxvwdlqlqj jurzwk zkhq h{soruhuv kdyh wr idfh kdughu
hqylurqphqwv lq zklfk/ h1j1 rssruwxqlwlhv duh ghfuhdvlqj wkh pruh U)G lv
sxvkhg dkhdg B

Wr dgguhvv wklv lvvxh/ ohw xv dvvxph wkdw wkh suredelolw| ri �qglqj dq lvodqg
lq wkh qrgh +{> |, lv ghfuhdvlqj zlwk wkh glvwdqfh g4 ehwzhhq +{> |, dqg wkh
ruljlq/ l1h1=

�+{> |, @ �3 h{si��+{. |,j> �3 � 3> � � 3 +48,

Wklv vhwxs zloo jhqhudoo| uh hfw hfrqrplhv lq zklfk rssruwxqlwlhv duh gh0
fuhdvlqj lq d joredoo| vkduhg phdvxuh ri whfkqrorjlfdoo| glvwdqfh frpsxwhg zlwk
uhvshfw wr vrph hydoxdwlrq ri wkh lqlwldo whfkqrorjlfdo hqgrzphqw1 Wkrxjk
wkh dfwxdo sd|r� odqgvfdsh idfhg e| hdfk h{soruhu vwloo lv sdwk0ghshqghqw dqg
lqglylgxdo0vshfl�f/ zh fdq wklqn ri lw dv lw li zhuh wkh uhvxow ri udqgrp gudzlqjv
ri atl>w vxshulpsrvhg rq dq h{rjhqrxvo| ghfolqlqj vxuidfh �+{> |,1 Qrwlfh wkdw/
zkhq � @ 3/ �+{> |,@�3 dv ehiruh/ zkloh/ dv � jurzv/ wkh suredelolw| ri �qglqj d
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qhz lvodqg zloo gurs idvwhu dqg idvwhu iru h{soruhuv vhdufklqj idu iurp wkh ruljlq
ri wkh odwwlfh1

Vlpxodwlrq h{huflvhv rq wklv yhuvlrq ri wkh prgho duh suhvhqwhg lq Iljxuh 641
Iru d sdudphwhu vhwxs |lhoglqj h{srqhqwldo jurzwk lq wkh fdvh � @ 3/ zh kdyh
lqlwldoo| lqyhvwljdwhg wkh h�hfwv ri lqfuhdvlqj wkh vorsh ri wkh sd|r� odqgvfdsh
rq wkh ryhudoo shuirupdqfh ri wkh hfrqrp|1 Dv Sdqho +d, vkrzv/ PF phdq ri
DJUv duh ghfolqlqj dv � jurzv/ exw odujhu DJUv fdq eh vxvwdlqhg e| odujhu
�*v +dqg dffruglqjo| e| odujhu **v dqg vpdoohu �*v, hyhq zkhq h{soruhuv idfh
yhu| cvwhhs* hqylurqphqwv1 Pruhryhu/ wkh yduldwlrq ri JQS wlph vhulhv dfurvv
lqghshqghqw vlpxodwlrqv whqgv wr vkulqn dv � lqfuhdvhv/ ehfdxvh wkh hfrqrp|
judgxdoo| frqyhujhv wrzdug }hur0rxwsxw uhdol}dwlrqv1

Qhyhuwkhohvv/ iru vpdoo �*v/ wkh hfrqrp| lv vwloo deoh wr jhqhudwh vhoi0vxvwdlqlqj
jurzwk iru phdqlqjixo sdudphwhu vhwxsv +vhh Sdqho +e,,1 Dv wkh vorsh ri wkh
sd|r� odqgvfdsh judgxdoo| ehfrphv vwhhshu/ rwkhu lqwhuhvwlqj jurzwk sdwwhuqv
dsshdu1 Zkhq � lv qrw wrr odujh/ wkh hfrqrp| h{shulhqfhv hlwkhu whpsrudu| L+4,
sdwwhuqv glvfrqwlqxhg e| shulrgv ri vwdjqdwlrq dqg uhfhvvlrq ru lqlwldo skdvhv ri
jurzwk iroorzhg e| f|fohv durxqg d vwhdg| rxwsxw wkhuhdiwhu1 Ilqdoo|/ zkhq lw
ehfrphv lqkhuhqwo| kdug wr lqwurgxfh lqqrydwlrqv dv uhvhdufk lv sxvkhg idu iurp
wkh lqlwldo ixqgdphqwdov/ dqg lqwhudfwlrqv duh orfdo/ JQS wlph0vhulhv surjuhv0
vlyho| glvsod| qhjdwlyh wuhqgv fkdudfwhul}hg e| lqfuhdvlqj yrodwlolw| +vhh Sdqho
+f,,1

Vlplodu uhvxowv dovr dulvh zkhq rqh dvvxphv wkdw wkh suredelolw| ri �qglqj dq
lvodqg lv lqglylgxdoo| ghfuhdvlqj zlwk wkh gxudwlrq ri h{sorudwlrq1 Lq sduwlfxodu/
dvvxph wkdw li h{soruhu l ohdyhv lvodqg dw wlph w3/ wkhq wkh suredelolw| ri �qglqj
dq lvodqg dw wlph w zloo eh= �l+w> w3, @ �3 � w�w3 / �3 � 3/ 3 � � � 41 Lq wklv
vshfl�fdwlrq/ hdfk h{soruhu zloo idfh dq lqglylgxdoo|0vshfl�f/ orfdoo| ghfuhdvlqj
rssruwxqlw| odqgvfdsh/ wkh suredelolw| ri �qglqj d qhz lvodqg ehfrplqj vpdoohu
wkh orqjhu wkh vhdufk lv fduulhg rq1 Qrwlfh wkdw/ hyhq wkrxjk zh kdyh fkrvhq
qrw wr lqwurgxfh dq| h{solflw vhohfwlrq g|qdplfv +l1h1 d phfkdqlvp jryhuqlqj
wkh hyroxwlrq ri lqglylgxdo �upv dffruglqj wr wkhlu uhyhdohg whfkqrorjlfdo dqg
pdunhw vxffhvv,/ wklv dowhuqdwlyh vshfl�fdwlrq ri wkh h{sorudwlrq0h{sorlwdwlrq
sd|r� vwuxfwxuh zrxog doorz xv wr dgguhvv vhohfwlrq lvvxhv lq dq lqgluhfw zd|1

:16 Ehkdylrudo Khwhurjhqhlw|/ Lqglylgxdo Udwlrqdolw| dqg
Froohfwlyh Rxwfrphv

Khwhurjhqhlw| pd| dulvh lq wkh prgho +dw ohdvw, dw wkuhh ohyhov1 Iluvw/ whfkqror0
jlhv pljkw +dqg gr, gl�hu erwk e| wkhlu h{0dqwh surgxfwlylw| frh!flhqwv vm dqg/
sdwk0ghshqghqwo|/ e| wkhlu h{0srvw h{sorlwdwlrq klvwrulhv +l1h1 wkh uhdol}dwlrqv
ri wkh vwrfkdvwlf surfhvvhv pm+w,,1 Vhfrqg/ djhqwv pljkw eh fkdudfwhul}hg e|
gl�huhqw surshqvlwlhv wr h{soruh +l1h1 glvwlqfw �l/ l 5 L,/ jlyhq wkh ghflvlrq uxohv
ghvfulehg lq Vhfwlrq 61 Wklug/ djhqwv pljkw hyhq eh hqgrzhg e| khwhurjhqhrxv
ghflvlrq uxohv/ h1j1 vrph djhqwv pljkw krog cpruh* udwlrqdo vwudwhjlhv jryhuqlqj
wkh fkrlfhv ri lplwdwlrq/ whfkqrorjlfdo vhdufk/ hwf1 1

Lq wklv vhfwlrq/ zh zloo �uvw uhod{ wkh dvvxpswlrq ri d krprjhqhrxv surshq0
vlw| wr frpplw wr whfkqrorjlfdo vhdufk dqg frqvlghu dq hfrqrp| lq zklfk dq
lqlwldo glvwulexwlrq H @ +�4> �5> = = = > �Q ,/ �l 5 ^3> 4` dqg �m 9@ �m3 iru vrph m 9@ m3

lv jlyhq1 Wr nhhs wklqjv vlpsoh/ ohw xv vxssrvh wkdw H lv vxfk wkdw �l @ 3>
l @ 4> 5> = = = > e�Qf dqg �l @ �3> l @ e�Qf . 4> = = = > Q / zkhuh � 5 ^3> 4` dqg
�3 5 +3> 4`1 Lq rwkhu zrugv/ d vkduh � ri wkh srsxodwlrq lv frpsohwho| xqzloolqj
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wr ohdyh +l1h1 wkh cvhghqwdu|* djhqwv,/ zkloh wkh uhpdlqlqj vkduh +4��, ehkdyhv
dv ehiruh1

Dv lqwxlwlrq vxjjhvwv/ wkh djjuhjdwh frqvhtxhqfhv ri lqfuhdvlqj �*v +lq whupv
ri hfrqrp|*v DJUv, duh rqfh djdlq vwulfwo| uhodwhg wr wkh hyhqwxdo vroxwlrq
ri wkh h{sorlwdwlrq0h{sorudwlrq wudgh0r�/ dulvlqj lq wklv fdvh hyhq pruh ylylgo|1
Zkhq wkh vkduh ri srwhqwldo h{soruhuv ghfolqhv/ wkh DJUv vfkhgxoh jrhv lqghhg
wkurxjk wkuhh glvwlqfw uhjlphv/ vhh Iljxuh 65+d,1 Li wkh vrxufhv ri jurzwk duh yhu|
zhdn/ wkh rqo| zd| wr dyrlg ghfuhdvlqj rxwsxw ohyhov lv wr frpplw frpsohwho| wr
h{sorlwdwlrq ri h{lvwlqj uhvrxufhv1 Rq wkh frqwudu|/ zkhq wkh| duh yhu| vwurqj/
wkh hfrqrp|*v shuirupdqfh lv rswlpl}hg dw �� @ 3 dqg DJUv ghfuhdvh zlwk �1
Lq doo lqwhuphgldwh vhwxsv +h1j1 joredo lqwhudfwlrqv dqg qr sdwk0ghshqghqf|,/
DJUv w|slfdoo| h{klelw dq lqwhulru pd{lpxp +fi1 Vhfwlrq 814 dqg 815,/ zlwk srru
shuirupdqfhv zkhq wkh hfrqrp| frpplwv hlwkhu vpdoo ru wrr pdq| uhvrxufhv
lq wkh h{sorudwlrq ri xqnqrzq nqrzohgjh edvhv1 Dffruglqjo|/ zkhq wkh vl}h
ri wkh vhw ri cvhghqwdu|* djhqwv jurzv/ rxwsxw wlph0vhulhv duh olnho| wr h{klelw
lqfuhdvlqjo| orqjhu shulrgv ri vwhdg| JQS ohyhov/ fi1 Iljxuh 65+e,1 Khqfh/ lq
wkh olplw/ wkh v|vwhp lv jrlqj wr plplf wkh forvhg0hqghg/ qr0h{sorudwlrq fdvh
suhvhqwhg lq Vhfwlrq 714/ zlwk dq lqlwldo shulrg ri wudqvlwru| jurzwk iroorzhg e|
}hur jurzwk0udwhv wkhuhdiwhu +fi1 dovr Vhfwlrq :15,1

D kljkhu0ohyho ehkdylrudo khwhurjhqhlw| fdq eh krzhyhu frqfhlyhg1 Lqghhg/
jlyhq wkh h{wuhph dvvxpswlrqv pdgh rq wkh udwlrqdo erxqgv ri wkh djhqwv srs0
xodwlqj rxu hfrqrp|/ wkh prgho dsshduv wr kljkoljkw d ihz vrxufhv ri srwhqwldo
frq lfw ehwzhhq lqglylgxdo dqg froohfwlyh udwlrqdolw|1 Iru lqvwdqfh/ zkdw zrxog
lw kdsshq li wkh srsxodwlrq ri rxu qdòyh hqwuhsuhqhxuv lv lqmhfwhg e| cpruh ud0
wlrqdo* sod|huv/ zklfk ehkdyhv rq wkh jurxqgv ri vrph +dssursuldwho| gh�qhg,
h{shfwdwlrqv B

Lq rughu wr looxvwudwh wklv srlqw/ frqvlghu wkh iroorzlqj vlpsoh h{dpsoh1 Dv0
vxph dq hfrqrp| fkdudfwhul}hg e|= +l, frqvwdqw whfkqrorjlfdo uhwxuqv wr vfdoh
+l1h1 � @ 4,> +ll, qr nqrzohgjh gl�xvlrq +l1h1 � @ 4,> +lll, qr sdwk0ghshqghqf|
lq lqqrydwlrq +l1h1 * @ 3,> +ly, doo Q djhqwv zrunlqj dw wlph w @ 3 rq d vlqjoh
lvodqg +c3 @ 4, zlwk fr0ruglqdwhv +{�> |�, dqg lqlwldo surgxfwlylw| v� @ {� . |�>
+y, d frqvwdqw srvlwlyh wudqvsruwdwlrq frvw � A 3/ zklfk h{soruhuv kdyh wr sd|
lq hdfk shulrg ri wkhlu vhdufk1

Zh zloo frqvlghu wzr gl�huhqw vhwwlqjv iru zkdw frqfhuqv ehkdylrudo dvvxps0
wlrqv/ qdpho|= +d, wkh srsxodwlrq lv frpsrvhg ri Q djhqwv ehkdylqj dffruglqj
wr wkh uxohv gh�qhg lq Vhfwlrq 6> dqg= +e, d cuhsuhvhqwdwlyh lqglylgxdo* +UL,/
zlwk xqerxqghg frpsxwdwlrqdo vnloov dqg frpsohwh lqirupdwlrq/ lv lqwurgxfhg
lq wkh srsxodwlrq1 Lq sduwlfxodu/ dvvxph wkdw wkh UL nqrzv= +l, wkh fr0ruglqdwhv
+{�> |�,> +ll, wkh v|vwhp sdudphwhuv> +lll, wkh prgho ri wkh hfrqrp|1 Dowkrxjk
wkh UL lv dzduh wkdw/ rq dyhudjh/ wkh lqlwldo surgxfwlylw| ri d qhz lvodqg lv lq0
fuhdvlqj lq lwv glvwdqfh iurp wkh ruljlq/ kh grhv qrw nqrz zkhuh qhz lvodqgv
duh dfwxdoo| orfdwhg1 Khqfh/ vwduwlqj iurp wkh qrgh +{> |,/ lw zloo pdnh xvh ri d
cudwlrqdo* h{sorudwlrq uxoh zklfk jlyhv htxdo suredelolw| wr wkh qrghv +{. 4> |,
dqg +{> | . 4,1 Ilqdoo|/ dvvxph iru vlpsolflw| wkdw wkh lqwhuwhpsrudo glvfrxqw
udwh lv }hur961

Dw wlph w @ 4/ wkh sureohp iru wkh UL lv wr ghflgh zkhwkhu wr frqwlqxh wr
h{wudfw wkh jrrg dw wlph w @ 5 ru vwduw wr h{soruh1 Lq wkh �uvw fdvh/ lw zloo

96Rxu frqmhfwxuh lv wkdw wkh iroorzlqj uhvxowv zloo krog d iruwlrul iru d vwulfwo| srvlwlyh
glvfrxqw udwh1
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jhw d shu0shulrg qhw rxwsxw iurp plqlqj htxdo wr TP @ v�1 Lq wkh vhfrqg
fdvh +vhh Vhfwlrq :15,/ wkh h{shfwhg shu0shulrg qhw rxwsxw iurp h{sorudwlrq zloo
eh= TH @ ^+4 . �,+v� . �, � �� `@� / zkhuh � @ 4@� lv wkh h{shfwhg ohqjwk ri
h{sorudwlrq +ru/ htxlydohqwo|/ wkh h{shfwhg glvwdqfh ehwzhhq +{�> |�, dqg d qhz
lvodqg,1 Wkhq/ wkh UL zloo ghflgh wr uhpdlq rq lvodqg +{�> |�, li dqg rqo| li
TP A TH / l1h1 l�=

� ?
4

4 . �
� 4

v�
.

�

+4 . �,v�
@ ��+�> �> v�, +49,

Dv rqh fdq hdvlo| fkhfn/ ��+�> �> v�, lv lqfuhdvlqj lq �/ ghfuhdvlqj lq �/ dqg
lqfuhdvlqj lq v� li � A �� 4 +l1h1 li rssruwxqlwlhv duh odujh hqrxjk frpsduhg wr
h{sorudwlrq frvwv,1 Qrwlfh wkdw li v� $ 4 wkh UL zloo dozd|v vwd| rq +{�> |�,/
zkloh li � $ 4 lw zloo dozd|v ohdyh1

Frqvlghu qrz/ iru jlyhq ydoxhv ri v�/ wkh vhw ri +�> �, vdwlvi|lqj +49, iru vrph
� 5 +3> 4,1 Lq vxfk d sdudphwhu uhjlrq/ wkh UL zloo ghflgh wr frqwlqxh wr zrun dv
d cplqhu* dqg jhw d frqvwdqw rxwsxw TP @ v�1 Rq wkh frqwudu|/ dq| hfrqrp|
fkdudfwhul}hg e| wkh vdph +�> �> �> v�, dqg frpsrvhg ri krprjhqhrxv djhqwv
ehkdylqj dv lq vhwxs +d, deryh +fi1 Vhfwlrq 6,/ zloo idfh d udwkhu csrru* hqyl0
urqphqw/ lq zklfk wkhuh lv qhlwkhu nqrzohgjh gl�xvlrq/ qru sdwk0ghshqghqf|
lq lqqrydwlrq/ qru lqfuhdvlqj uhwxuqv wr vfdoh1 Ixuwkhupruh/ ohw xv dvvxph wkdw
rxu cqdòyh* djhqwv duh fkdudfwhul}hg e| d yhu| orz czloolqjqhvv wr h{soruh* +l1h1
� @ 3=38,1 Qrwzlwkvwdqglqj doo wkdw/ dv Iljxuh 66 vkrzv/ wkh hfrqrp| lv deoh wr
jhw d shu0fdslwd qhw rxwsxw shuvlvwhqwo| juhdwhu wkdq TP 1

Wkxv/ hyhq lq wklv yhu| vlpsoh vhwwlqj/ froohfwlyh jurzwk �qgv lwv qhfhvvdu|
frqglwlrq lq wkh suhvhqfh ri d qxpehu ri cluudwlrqdo* lqglylgxdov1 Hyhq pruh
vr/ wkh srwhqwldo frq lfw ehwzhhq lqglylgxdo udwlrqdolw| dqg froohfwlyh zhoiduh
hphujhv lq wkh jhqhudo vhwwlqj zlwk xqolplwhg qrwlrqdo rssruwxqlwlhv ri h{sor0
udwlrq dqg wudqvsruwdwlrq frvwv eruq xs iurqw e| wkh ch{soruhuv* wkhpvhoyhv1

Qrwh wkdw/ dv phqwlrqhg hduolhu/ wklv surshuw| vljql�fdqwo| h{sdqgv xsrq
wkh frpprq uhvxow iurp h1j1 Qhz Jurzwk olwhudwxuh wkdw lq suhvhqfh ri h{whu0
qdolwlhv ru g|qdplf lqfuhdvlqj uhwxuqv d v|vwhpdwlf glyhujhqfh ehwzhhq hqgrjh0
qrxvo| jhqhudwhg jurzwk udwhv dqg vrfldoo| rswlpdo rqhv +zkdwhyhu wkh odwwhu
phdqv111, lv olnho| wr hphujh1 Khuh/ rqh pd| uhtxluh lqghhg wkh suhvhqfh ri
vwudljkwiruzdugo| luudwlrqdo djhqwv lq rughu wr kdyh vhoi0vxvwdlqlqj jurzwk dw
doo1

; Frqfoxvlrqv

Wkh sdshu suhvhqwv d vlpsoh prgho lq zklfk vhoi0vxvwdlqlqj jurzwk hqgrjhqrxvo|
hphujhv/ xqghu vxlwdeoh whfkqrorjlfdo dqg ehkdylrudo frqglwlrqv/ dv wkh uhvxow
ri lpshuihfw frruglqdwlrq dprqj vw|ol}hg/ erxqghgo|0udwlrqdo/ khwhurjhqhrxv/
�upv zklfk orfdoo| lqwhudfw lq dq rshq0hqghg whfkqrorjlfdo vsdfh dqg duh deoh
wr prgli| wkh vhw ri wkhlu cqhduhvw qhljkeruv*1

Dprqj rwkhu surshuwlhv/ wkh prgho vkrzv wkdw wkh yhu| srvvlelolw| ri qrwlrq0
doo| xqolplwhg +doehlw xqsuhglfwdeoh, whfkqrorjlfdo rssruwxqlwlhv lv d qhfhvvdu|
frqglwlrq iru sdwwhuqv ri shuvlvwhqwo|  xfwxdwlqj h{srqhqwldo jurzwk wr eh jhq0
hudwhg lq wkh hfrqrp|1
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Lq wkdw flufxpvwdqfh/ vhoi0vxvwdlqlqj jurzwk lv dwwdlqhg zkhqhyhu whfkqr0
orjlfdo rssruwxqlwlhv +dv fdswxuhg e| erwk wkh ghqvlw| ri clvodqgv* � dqg wkh
phdq ri Srlvvrq mxpsv wr udglfdoo| qhz sdudgljpv �,/ sdwk0ghshqghqf| +l1h1
wkh iudfwlrq ri lglrv|qfudwlf nqrzohgjh/ */ wkdw djhqwv duh deoh wr fduu| ryhu
wr qhzo| glvfryhuhg whfkqrorjlhv, dqg joredolw| ri lqwhudfwlrqv lq wkh lqirupd0
wlrq gl�xvlrq surfhvv +��,/ duh eh|rqg lghqwl�deoh wkuhvkrogv1 Lq wkdw uhjlrq
ri wkh sdudphwhu vsdfh/ wkh v|vwhp vhoi0rujdql}hv wkurxjk vxevhtxhqw skdvhv
ri ghyhorsphqw dqg h{klelwv rughuhg JQS wlph0sdwkv fkdudfwhul}hg e| vpdoohu
jurzwk0udwhv yrodwlolw|1

Ixuwkhupruh/ wkh ryhudoo shuirupdqfh ri wkh hfrqrp| dsshduv wr eh prqr0
wrqlfdoo| dqg olqhduo| lqfuhdvlqj lq doo vrxufhv ri jurzwk h{fhsw wkh ghjuhh ri
joredolw| ri lqwhudfwlrqv/ zklfk hqjhqghuv d vwurqj wkuhvkrog h�hfw lq wkh dy0
hudjh jurzwk udwhv ri wkh v|vwhp1 Wkh wudgh0r� ehwzhhq h{sorlwdwlrq ri wkh
ixqgdphqwdov dqg h{sorudwlrq ri wkh xqnqrzq 0 jhqhudwhg lq wkh prgho e| wkh
vwurqj xqfhuwdlqw| ri wkh uhodwlyh uhwxuqv iurp U)G dqg surgxfwlrq dfwlylwlhv
0 fohduo| hphujhv/ krzhyhu/ zkhq rqh lqyhvwljdwhv krz jurzwk lv d�hfwhg e| wkh
surshqvlw| wr h{soruh +�, 0 ru htxlydohqwo| e| wkh vkduh ri vhghqwdu| djhqwv lq
wkh srsxodwlrq +�, 0 dqg e| wkh fxpxodwlyhqhvv ri ohduqlqj +�,1 Lq zhoo0gh�qhg
whfkqrorjlfdo uhjlphv/ lqghhg/ wkh v|vwhp jhqhudwhv vhoi0vxvwdlqlqj sdwwhuqv ri
jurzwk dqg kljkhu ryhudoo shuirupdqfhv rqo| li d vxlwdeoh edodqfh ehwzhhq U)G
dqg surgxfwlrq lv dfklhyhg1

Dv phqwlrqhg/ wkh prgho frxog eh frqvlghuhg dv d vruw ri cuhgxfhg irup* hyr0
oxwlrqdu| prgho/ zlwk dq doprvw h{foxvlyh hpskdvlv xsrq wkh ohduqlqj2gl�xvlrq
dvshfwv ri hfrqrplf hyroxwlrq/ zkloh uhsuhvvlqj wkh frpshwlwlrq2vhohfwlrq ihd0
wxuhv ri pdunhw lqwhudfwlrqv1 Dowkrxjk wkh olplwdwlrqv vwhpplqj iurp wklv dv0
vxpswlrq duh txlwh reylrxv +iru h{dpsoh/ wkh cplfurhfrqrplfv* lv erxqg wr eh
udwkhu srru,/ wkh prgho lv qrqhwkhohvv deoh wr jhqhudwh JQS wlph0vhulhv zlwk
vwdwlvwlfdo surshuwlhv zklfk urexvwo| uhsolfdwh vrph ri wkh ihz xqtxhvwlrqhg vw|o0
l}hg idfwv ri wkh cexvlqhvv f|foh* +h1j1 JQS jurzwk dxwrfruuhodwlrq vwuxfwxuh/
shuvlvwhqfh ri  xfwxdwlrqv/ hwf1,97 dqg/ dw wkh vdph wlph/ wr dyrlg gudzedfnv
vkduhg e| pdq| prghov ri hqgrjhqrxv jurzwk vxfk dv vfdoh0h�hfwv +vhh Vhf0
wlrq :14,1 Pruhryhu/ vhoi0rujdql}hg sdwwhuqv ri h{srqhqwldo jurzwk duh qrw rqo|
dwwdlqhg lq wkh v|vwhp zlwkrxw dsshdolqj wr wkh iruhfdvwlqj srzhuv ri dq| idu0
vljkwhg cuhsuhvhqwdwlyh djhqw*/ exw/ hyhq vwurqjhu wkdq wkdw/ wkh hfrqrp| pljkw
uhtxluh qrq0dyhudjh +dqg lqglylgxdoo| luudwlrqdo, ehkdylruv lq rughu wr dfklhyh
vxfk vhoi0vxvwdlqhg jurzwk sdwkv981

Dv lw vwdqgv/ wkh prgho vhhpv txlwh zhoo vxlwhg wr dffrxqw iru vrph jhqhulf
surshuwlhv ri nqrzohgjh0gulyhq jurzwk1 Qhyhuwkhohvv/ ixuwkhu ghyhorsphqwv frph
hdvlo| wr plqg1 Iluvw/ rqh frxog wu| wr vhh krz wkh uhvxowv suhvhqwhg khuh duh
prgl�hg e| wkh lqwurgxfwlrq ri dq dgglwlrqdo cNh|qhvldq* frruglqdwlrq sureohp
d�hfwlqj lqwhughshqghqw ghpdqg jhqhudwlrq phfkdqlvpv1 Vhfrqg/ rqh pljkw
olnhzlvh vwxg| wkh uhohydqfh ri dgglqj h{solflw vhohfwlrq surfhvvhv d�hfwlqj wkh
iuhtxhqf| lq wkh srsxodwlrq +l1h1 wkh vl}h, ri gl�huhqw djhqwv zklfk duh cfduulhuv*
ri gl�huhqw whfkqrorjlhv1 Ilqdoo|/ rqfh uhdvrqdeoh uxohv ri lqwhudfwlrq ehwzhhq
hfrqrplhv duh vxlwdeo| gh�qhg/ rqh frxog dovr lqyhvwljdwh vrph cfrqyhujhqfh*

97Qrwh dovr/ wkdw/ lq sulqflsoh/ wkh deryh yduldeohv dqg sdudphwhuv fdq �qg hpslulfdo +do0
wkrxjk lqhylwdeo| urxjk, sur{lhv1 Wkhuhiruh/ rqh pljkw qrw ghvsdlu wr whvw wkh txdolwdwlyh
surshuwlhv jhqhudwhg e| wkh prgho djdlqvw dfwxdo gdwd1

98D vlplodu srlqw rq qrq0dyhudjh ehkdylruv lqgxflqj v|pphwu| euhdnv lq wkh glvwulexwlrq
ri sduwlfxodu ihdwxuhv ru shuirupdqfhv ri d srsxodwlrq ri djhqwv lv lq Doohq +4<;;,1
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lvvxhv e| vlpxowdqhrxvo| vlpxodwh pxowl0od|hu v|vwhpv fkdudfwhul}hg e| gl�huhqw
lqlwldo frqglwlrqv dqg v|vwhp sdudphwhuv1

Krzhyhu/ hyhq ehiruh doo wkdw frph/ lw vhhpv wkdw wkh iruhjrlqj zrun pljkw
frqwulexwh wr wkh xqghuvwdqglqj ri krz hqgrjhqrxv ohduqlqj surfhvvhv/ zlwk lp0
shuihfw froohfwlyh dgdswdwlrq dqg khwhurjhqhrxv djhqwv/ gulyh jurzwk qrwzlwk0
vwdqglqj +ru udwkhu ehfdxvh ri , wkh devhqfh ri idqwdvwlfdoo| udwlrqdo djhqwv dqg
htxloleuld ixo�oohg wkurxjkrxw1
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^77` Grvl/ J1/ Iuhhpdq/ F1 dqg Ideldql/ V1 +4<<7,/ �Wkh surfhvv ri hfrqrplf
ghyhorsphqw= lqwurgxflqj vrph vw|ol}hg idfwv dqg wkhrulhv rq whfkqrorjlhv/
�upv dqg lqvwlwxwlrqv�/ Lqgxvwuldo dqg Frusrudwh Fkdqjh/ 6= 40791
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^78` Grvl/ J1/ Iuhhpdq/ F1/ Qhovrq/ U1U1/ Vloyhuehuj/ J1 dqg Vrhwh/ O1 +Hgv1,
+4<;;,/ Whfkqlfdo Fkdqjh dqg Hfrqrplf Wkhru|/ Orqgrq/ Iudqflv Slqwhu1

^79` Grvl/ J1/ Pduhqjr/ O1 dqg Idjlror/ J1 +4<<9,/ �Ohduqlqj lq Hyroxwlrq0
du| Hqylurqphqwv�/ LLDVD/ Od{hqexuj/ Dxvwuld/ Zrunlqj Sdshu/ ZS0<90
4572Qry 4<<91

^7:` Gxuodxi/ V1Q1 +4<<7,/ �Sdwk0ghshqghqfh lq djjuhjdwh rxwsxw�/ Lqgxvwuldo
dqg Frusrudwh Fkdqjh/ 6= 47<04:41

^7;` Gxuodxi/ V1Q1 dqg Txdk/ G1W1 +4<<;,/ �Wkh Qhz Hpslulfv ri Hfrqrplf
Jurzwk�/ Fhqwuh iru Hfrqrplf Shuirupdqfh/ Glvfxvvlrq Sdshu/ Qr1 6;71

^7<` Idjlror/ J1 +4<<;,/ �Vsdwldo lqwhudfwlrqv lq g|qdplf ghfhqwudol}hg
hfrqrplhv= d uhylhz�/ lq Frkhqghw/ S1/ Oohuhqd/ S1/ Vwdkq/ K1 dqg
Xpekdxhu/ J1 +Hgv1,/ Wkh Hfrqrplfv ri Qhwzrunv1 Lqwhudfwlrq dqg Eh0
kdylrxuv/ Ehuolq 0 Khlghoehuj/ Vsulqjhu Yhuodj1

^83` Idwdv/ D1 +4<<8,/ �Hqgrjhqrxv jurzwk dqg vwrfkdvwlf wuhqgv�/ LQVHDG/
Zrunlqj Sdshu/ <82;82HSV1

^84` Irud|/ G1 dqg Iuhhpdq/ F1 +4<<5,/ Whfkqrorj| dqg wkh zhdowk ri qdwlrqv/
Sdulv/ RHFG1

^85` Iuhhpdq/ F1 +4<;5,/ Wkh Hfrqrplfv ri Lqgxvwuldo Lqqrydwlrq/ Orqgrq/
Iudqflv Slqwhu1

^86` Iuhhpdq/ F1 +4<<7,/ �Wkh hfrqrplfv ri whfkqlfdo fkdqjh�/ Fdpeulgjh
Mrxuqdo ri Hfrqrplfv/ 4;= 79608471

^87` Iuhhpdq/ F1 dqg Shuh}/ F1 +4<;;,/ �Vwuxfwxudo fulvlv ri dgmxvwphqw= exvl0
qhvv f|fohv dqg lqyhvwphqw ehkdylru�/ lq Grvl/ J1/ Iuhhpdq/ F1/ Qhovrq/
U1U1/ Vloyhuehuj/ J1 dqg Vrhwh/ O1 +Hgv1,/ Whfkqlfdo Fkdqjh dqg Hfrqrplf
Wkhru|/ Orqgrq/ Iudqflv Slqwhu1

^88` Jdjqrq/ M1H1 +4<;;,/ �Vkruw0Uxq Prghov dqg Orqj0Uxq Iruhfdvwv= D
Qrwh rq wkh Shupdqhqfh ri Rxwsxw Ioxfwxdwlrqv�/ Txduwhuo| Mrxuqdo ri
Hfrqrplfv/ 436= 74807571

^89` Judqvwudqg/ R1 +Hg1, +4<<7,/ Wkh hfrqrplfv ri whfkqrorj|/ Dpvwhugdp/
Qruwk Kroodqg1

^8:` Jurvvpdq/ J1P1 dqg Khospdq/ H1 +4<<4d,/ Lqqrydwlrq dqg jurzwk lq wkh
joredo hfrqrp|/ Fdpeulgjh/ PLW Suhvv1

^8;` Jurvvpdq/ J1P1 dqg Khospdq/ H1 +4<<4e,/ �Txdolw| odgghuv lq wkh wkhru|
ri jurzwk�/ Uhylhz ri Hfrqrplf Vwxglhv/ 8;= 760941

^8<` Jurvvpdq/ J1P1 dqg Khospdq/ H1 +4<<4f,/ �Wudgh/ Nqrzohgjh vslooryhuv
dqg jurzwk�/ Hxurshdq Hfrqrplf Uhylhz/ 68= 84:08591

^93` Kluvfkohlihu/ G1 +4<<6,/ �Wkh eolqg ohdglqj wkh eolqg = vrfldo lq xhqfh/ idgv
dqg lqirupdwlrqdo fdvfdghv�/ XFOD/ Orv Dqjhohv/ Dqghuvrq Judgxdwh
Vfkrro ri Pdqdjhphqw/ Zrunlqj Sdshu/ ZS 570<61
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^94` Kroodqg/ M1K1 +4<:8,/ Dgdswdwlrq lq Qdwxudo dqg Duwl�fldo V|vwhpv/ Fdp0
eulgjh/ PLW Suhvv1

^95` Kroodqg/ M1K1 dqg Ploohu/ M1K1 +4<<4,/ �Duwl�fldo dgdswlyh djhqwv lq hfr0
qrplf wkhru|�/ Dphulfdq Hfrqrplf Uhylhz/ ;4= 69806:31

^96` Mrqhv/ F1L1 +4<<8d,/ �U)G0edvhg prghov ri hfrqrplf jurzwk�/ Mrxuqdo ri
Srolwlfdo Hfrqrp|/ 436= :8<0:;71

^97` Mrqhv/ F1L1 +4<<8e,/ �Wlph vhulhv whvwv ri hqgrjhqrxv jurzwk prghov�/
Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 443= 7<808581

^98` Mrqhv/ O1H1 dqg Pdqxhool/ U1 +4<<3,/ �D frqyh{ prgho ri htxloleulxp
jurzwk�/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ <;= 433;0436;1

^99` Mrqhv/ U1 dqg Qhzpdq/ J1 +4<<7,/ �Hfrqrplf jurzwk dv d frruglqdwlrq
sureohp�/ Xqlyhuvlw| ri Eulwlvk Froxpeld/ Zrunlqj Sdshu/ <72441

^9:` Mrydqrylf/ E1 +4<<8,/ �Ohduqlqj dqg jurzwk�/ QEHU/ Zrunlqj Sdshu/
86;61

^9;` Mrydqrylf/ E1 dqg PfGrqdog/ J1P1 +4<<7,/ �Frpshwlwlyh gl�xvlrq�/ Mrxu0
qdo ri Srolwlfdo Hfrqrp|/ 435= 570851

^9<` Mrydqrylf/ E1 dqg Ure/ U1 +4<;<,/ �Wkh jurzwk dqg gl�xvlrq ri nqrzo0
hgjh�/ Uhylhz ri Hfrqrplf Vwxglhv/ 89= 89<08;51

^:3` Mrydqrylf/ E1 dqg Ure/ U1 +4<<3,/ �Orqj zdyhv dqg vkruw zdyhv= jurzwk
wkurxjk lqwhqvlyh dqg h{whqvlyh vhdufk�/ Hfrqrphwulfd/ 8;= 46<40473<1

^:4` Ndogru/ Q1 dqg Pluuohhv/ M1D1 +4<95,/ �D qhz prgho ri hfrqrplf jurzwk�/
Uhylhz ri Hfrqrplf Vwxglhv/ 5<= 4:704<51

^:5` Nhphq|/ M1J1 dqg Vqhoo/ M1O1 +4<93,/ Ilqlwh Pdunry Fkdlqv/ Qhz \run/
Ydq Qrvwudqg1

^:6` Nlupdq/ D1S1 +4<;<,/ �Wkh lqwulqvlf olplwv ri prghuq hfrqrplf wkhru|=
wkh hpshuru kdv qr forwkhv�/ Hfrqrplf Mrxuqdo/ <<= 459046<1

^:7` Nlupdq/ D1S1 +4<<5,/ �Zkrp ru zkdw grhv wkh uhsuhvhqwdwlyh lqglylgxdo
uhsuhvhqw B�/ Mrxuqdo ri Hfrqrplf Shuvshfwlyhv/ 9= 44:04691

^:8` Nlupdq/ D1S1 +4<<6,/ �Dqwv/ udwlrqdolw| dqg uhfuxlwphqw�/ Txduwhuo| Mrxu0
qdo ri Hfrqrplfv/ 43;= 46:04891

^:9` Nlupdq/ D1S1 +4<<:,/ �Wkh Hfrqrp| dv dq Hyroylqj Qhwzrun�/ Mrxuqdo
ri Hyroxwlrqdu| Hfrqrplfv/ := 66<06861

^::` Nlupdq/ D1S1 +4<<;,/ �Hfrqrplhv zlwk lqwhudfwlqj djhqwv�/ lq Frkhqghw/
S1/ Oohuhqd/ S1/ Vwdkq/ K1 dqg Xpekdxhu/ J1 +Hgv1,/ Wkh Hfrqrplfv ri
Qhwzrunv1 Lqwhudfwlrq dqg Ehkdylrxuv/ Ehuolq 0 Khlghoehuj/ Vsulqjhu Yhu0
odj1

^:;` Nohqrz/ S1M1 dqg Urguljxh}0Foduh/ D1 +4<<:,/ �Hfrqrplf Jurzwk= d Uh0
ylhz Hvvd|�/ Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 73= 8<:094:1
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^:<` Nuhphu/ P1 +4<<6,/ �Srsxodwlrq Jurzwk dqg Whfkqrorjlfdo Fkdqjh= Rqh
Ploolrq E1F1 wr 4<<3�/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 43;= 9;40:491

^;3` Nuxjpdq/ S1 +4<<9,/ Wkh vhoi0rujdql}lqj hfrqrp|/ Fdpeulgjh/ Eodfnzhoo1

^;4` Nxudq/ W1 +4<;;,/ �Wkh whqdflrxv sdvw= wkhrulhv ri shuvrqdo dqg froohfwlyh
frqvhuydwlvp�/ Mrxuqdo ri Hfrqrplf Ehkdylru dqg Rujdql}dwlrq/ 43= 4760
4:41

^;5` Odqh/ G1 +4<<6d,/ �Duwl�fldo zruogv lq hfrqrplfv = Sduw L�/ Mrxuqdo ri
Hyroxwlrqdu| Hfrqrplfv/ 6= ;<043:1

^;6` Odqh/ G1 +4<<6e,/ �Duwl�fldo zruogv lq hfrqrplfv = Sduw LL�/ Mrxuqdo ri
Hyroxwlrqdu| Hfrqrplfv/ 6= 4::04<:1

^;7` Ohlmrqkxiyxg/ D1 +4<<9,/ �Dgdswlyh ehkdylru/ pdunhw surfhvvhv dqg
wkh frpsxwdeoh dssurdfk�/ Fhqwhu iru Frpsxwdeoh Hfrqrplfv/ XFOD/
plphr1

^;8` Ohylq/ U1F1/ Nohurylfk/ D1/ Qhovrq/ U1U1 dqgZlqwhu/ V1J1 +4<;:,/ �Dssur0
suldwlqj wkh uhwxuqv iurp lqgxvwuldo uhvhdufk dqg ghyhorsphqw�/ Eurrnlqjv
Sdshuv rq Hfrqrplf Dfwlylw|/ :;60;531

^;9` Ohylqwkdo/ G1D1 dqg Pdufk/ M1J1 +4<;4,/ �D prgho ri dgdswlyh rujdql}d0
wlrqdo vhdufk�/ Mrxuqdo ri Hfrqrplf Ehkdylru dqg Rujdql}dwlrq/ 5= 63:0
6661

^;:` Ohylww/ E1 dqg Pdufk/ M1J1 +4<;;,/ �Rujdql}dwlrqdo ohduqlqj�/ Dqqxdo
Uhylhz ri Vrflrorj|/ 47= 64<06731

^;;` Oxfdv/ U1H1 +4<;;,/ �Rq wkh phfkdqlfv ri hfrqrplf ghyhorsphqw�/ Mrxuqdo
ri Prqhwdu| Hfrqrplfv/ 55= 60751

^;<` Oxqgydoo/ E1D1 +4<<6,/ Qdwlrqdo v|vwhpv ri lqqrydwlrq/ Orqgrq/ Iudqflv
Slqwhu1

^<3` Pdohued/ I1 dqg Ruvhqljr/ O1 +4<<6,/ �Whfkqrorjlfdo uhjlphv dqg �up
ehkdylruv�/ Lqgxvwuldo dqg Frusrudwh Fkdqjh/ 5= 870:41

^<4` Pdufk/ M1J1 +4<<4,/ �H{sorudwlrq dqg H{sorlwdwlrq lq Rujdql}dwlrqdo
Ohduqlqj�/ Rujdql}dwlrq Vflhqfh/ 5 = :40;:1

^<5` PfJudwwdq/ H1U1 dqg Vfkplw}/ M1D1 +4<<;,/ �H{sodlqlqj Furvv0Frxqwu|
Lqfrph Gl�huhqfhv�/ Ihghudo Uhvhuyh Edqn ri Plqqhdsrolv/ Vwd� Uhsruw/
5831

^<6` Phwfdoih/ M1 V1 +4<;;,/ �Wudgh/ whfkqrorj| dqg hyroxwlrqdu| fkdqjh�/
Pdqfkhvwhu/ Pdqfkhvwhu Xqlyhuvlw|/ plphr1

^<7` Phwfdoih/ M1 V1 +4<<9,/ �Ohfwxuhv rq hyroxwlrqdu| wkhru|�/ Pdqfkhvwhu/
Pdqfkhvwhu Xqlyhuvlw|/ plphr1

^<8` Qhovrq/ F1U1 dqg Sorvvhu/ F1L1 +4<;5,/ �Wuhqgv dqg udqgrp zdonv lq
pdfurhfrqrplf wlph vhulhv�/ Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 43= 46<0
4951
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^<9` Qhovrq/ U1U1 +4<;4,/ �Uhvhdufk rq surgxfwlylw| jurzwk dqg gl�huhqfhv�/
Mrxuqdo ri Hfrqrplf Olwhudwxuh/ 4<= 435<043971

^<:` Qhovrq/ U1U1 +4<<8,/ �Uhfhqw Hyroxwlrqdu| Wkhrul}lqj Derxw Hfrqrplf
Fkdqjh�/ Mrxuqdo ri Hfrqrplf Olwhudwxuh/ 66= 7;0<31

^<;` Qhovrq/ U1U1 +4<<;,/ �Wkh djhqgd iru jurzwk wkhru|= d gl�huhqw srlqw ri
ylhz�/ Fdpeulgjh Mrxuqdo ri Hfrqrplfv/ 55= 7<:08531

^<<` Qhovrq/ U1U1 dqg Zlqwhu/ V1J1 +4<::,/ �Vlpxodwlrq ri Vfkxpshwhuldq frp0
shwlwlrq�/ Dphulfdq Hfrqrplf Uhylhz/ 9:= 5:405:91

^433` Qhovrq/ U1U1 dqg Zlqwhu/ V1J1 +4<;5,/ Dq Hyroxwlrqdu| Wkhru| ri Hfr0
qrplf Fkdqjh/ Fdpeulgjh/ Wkh Ehonqds Suhvv ri Kduydug Xqlyhuvlw|
Suhvv1

^434` Ruoìdq/ D1 +4<<5,/ �Frqwdjlrq ghv rslqlrqv hw irqfwlrqqhphqw ghv pdufkìv
�qdqflhuv�/ Uhyxh Hfrqrpltxhv/ 76= 9;80<:1

^435` Sduhqwh/ V1O1 +4<<7,/ �Whfkqrorj| dgrswlrq/ ohduqlqj e| grlqj dqg hfr0
qrplf jurzwk�/ Mrxuqdo ri Hfrqrplf Wkhru|/ 96= 679069<1

^436` Uhehor/ V1W1 +4<<4,/ �Orqj uxq srolf| dqdo|vlv dqg orqj uxq jurzwk�/
Mrxuqdo ri Srolwlfdo Hfrqrp|/ <<= 83308541

^437` Urphu/ G1 +4<<9,/ Dgydqfhg pdfurhfrqrplfv/ Qhz \run/ PfJudz Kloo1

^438` Urphu/ S1P1 +4<;9,/ �Lqfuhdvlqj uhwxuqv dqg orqj0uxq jurzwk�/ Mrxuqdo
ri Srolwlfdo Hfrqrp|/ <7= 43350436:1

^439` Urphu/ S1P1 +4<<3,/ �Hqgrjhqrxv whfkqrorjlfdo fkdqjh�/ Mrxuqdo ri Sr0
olwlfdo Hfrqrp|/ <;= :404351

^43:` Urphu/ S1P1 +4<<7,/ �Wkh ruljlqv ri hqgrjhqrxv jurzwk�/ Mrxuqdo ri Hfr0
qrplf Shuvshfwlyhv/ ;= 60551

^43;` Urvhqehuj/ Q1 +4<;5,/ Lqvlgh wkh Eodfner{/ Fdpeulgjh/ Fdpeulgjh Xql0
yhuvlw| Suhvv1

^43<` Urvhqehuj/ Q1 +4<<7,/ H{sorulqj wkh Eodfn Er{ = Whfkqrorj|/ Hfrqrplfv
dqg Klvwru|/ Fdpeulgjh/ Fdpeulgjh Xqlyhuvlw| Suhvv1

^443` Uxghexvfk/ J1G1 +4<<6,/ �Wkh xqfhuwdlq xqlw urrw lq uhdo JQS�/ Dphul0
fdq Hfrqrplf Uhylhz/ ;6= 59705:51

^444` Vfkxpshwhu/ M1D1 +4<67,/ Wkh wkhru| ri hfrqrplf ghyhorsphqw/ Fdp0
eulgjh/ PD/ Kduydug Xqlyhuvlw| Suhvv1

^445` Vkdfnoh/ J1O1V1 +4<88,/ Xqfhuwdlqw| lq hfrqrplfv/ Fdpeulgjh/ Fdpeulgjh
Xqlyhuvlw| Suhvv1

^446` Vloyhuehuj/ J1 dqg Yhuvsdjhq/ E1 +4<<7,/ �Froohfwlyh ohduqlqj/ lqqrydwlrq
dqg jurzwk lq d erxqghgo| udwlrqdo/ hyroxwlrqdu| zruog�/ Mrxuqdo ri Hyr0
oxwlrqdu| Hfrqrplfv/ 7= 53:05591
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^447` Vloyhuehuj/ J1 dqg Yhuvsdjhq/ E1 +4<<8d,/ �Dq hyroxwlrqdu| prgho ri orqj
whup f|folfdo yduldwlrqv ri fdwfklqj xs dqg idoolqj ehklqg�/ Mrxuqdo ri
Hyroxwlrqdu| Hfrqrplfv/ 8= 53<055:1

^448` Vloyhuehuj/ J1 dqg Yhuvsdjhq/ E1 +4<<8e,/ �Hyroxwlrqdu| wkhrul}lqj rq
hfrqrplf jurzwk�/ LLDVD/ Od{hqexuj/ Dxvwuld/ Zrunlqj Sdshu/ ZS0<80
:;1

^449` Vloyhuehuj/ J1 dqg Yhuvsdjhq/ E1 +4<<8f,/ �Iurp wkh duwl�fldo wr wkh
hqgrjhqrxv= prgholqj hyroxwlrqdu| dgdswdwlrq dqg hfrqrplf jurzwk�/
LLDVD/ Od{hqexuj/ Dxvwuld/ Zrunlqj Sdshu/ ZS0<803;1

^44:` Vloyhuehuj/ J1/ Grvl/ J1 dqg Ruvhqljr/ O1 +4<;;,/ �Lqqrydwlrq/ glyhuvlw|
dqg gl�xvlrq= d vhoi0rujdql}dwlrq prgho�/ Hfrqrplf Mrxuqdo/ <;= 43650
43871

^44;` Vrorz/ U1P1 +4<93,/ �Lqyhvwphqw dqg whfkqlfdo surjuhvv�/ lq Duurz/ N1M1/
Nruelq/ V1 dqg Vxsshv/ S1 +Hgv1,/Pdwkhpdwlfdo phwkrgv lq vrfldo vflhqfhv/
Vwdqirug/ Vwdqirug Xqlyhuvlw| Suhvv1

^44<` Vwljolw}/ M1H1 +4<;:,/ �Ohduqlqj wr ohduq/ orfdol}hg ohduqlqj dqg whfkqrorj0
lfdo surjuhvv�/ lq Gdvjxswd/ S1 dqg Vwrqhpdq/ S1 +Hgv1,/ Hfrqrplf srolf|
dqg whfkqrorjlfdo shuirupdqfh/ Fdpeulgjh/ Fdpeulgjh Xqlyhuvlw| Suhvv1

^453` Vwrfn/ M1K1 dqg Zdwvrq/ P1Z1 +4<;9,/ �Grhv JQS kdyh d xqlw urrw�/
Hfrqrplf Ohwwhuv/ 55= 47:04841

^454` Vwrfn/ M1K1 dqg Zdwvrq/ P1Z1 +4<;;,/ �Yduldeoh Wuhqgv lq Hfrqrplf
Wlph0Vhulhv�/ Mrxuqdo ri Hfrqrplf Shuvshfwlyhv/ 5= 47:04:71

^455` Vwrqhpdq/ S1 +Hg1, +4<<8,/ Kdqgerrn ri wkh Hfrqrplfv ri Lqqrydwlrq dqg
Whfkqrorjlfdo Fkdqjh/ R{irug/ Eodfnzhoo1

^456` Zdwvrq/ P1Z1 +4<;9,/ �Xqlyduldwh Ghwuhqglqj Phwkrgv zlwk Vwrfkdvwlf
Wuhqgv�/ Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 4;= 7<0:81

^457` \rxqj/ D1 +4<<6,/ �Vxevwlwxwlrq dqg frpsohphqwdulw| lq hqgrjhqrxv lq0
qrydwlrq�/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 43;= ::80;3:1
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Dsshqgl{ 4

D414 V|vwhp Yduldeohv ri wkh Edvlf Prgho

� Joredolw| ri Lqirupdwlrq Gl�xvlrq Surfhvv
* Sdwk0Ghshqghqf| lq H{sorudwlrq0Glvfryhu| Surfhvvhv
� Phdq ri Srlvvrq Udqgrp Yduldeoh Z
� Suredelolw| wkdw d Qrgh lv dq Lvodqg
� Uhwxuqv wr vfdoh sdudphwhu lq surgxfwlrq
� Zloolqjqhvv wr H{soruh
Q Lqlwldo Vl}h ri wkh Srsxodwlrq
W Hfrqrphwulf Vdpsoh Vl}h
P Prqwh Fduor Vdpsoh Vl}h

D415 Svhxgr0Frgh ri wkh Lpsohphqwhg Frpsxwhu Surjudp

Setting up Initial
Conditions

Main Iteration
• Repeat T times
• Each t=1,…,T:
          Store time-t variables

• Repeat M times
• Each m=1,…,M:
         Store MC Statistics

Ehjlq Surf Lqlwldo Frqglwlrqv>
Ohw wlph shulrg w@3>

Ehjlq Surf Jhqhudwlqj Lqlwldo Lvodqgv
Gh�qh d vtxduh ] lq O5 zlwk yhuwlfhv +3> 3, dqg +t> t,>
Gr Iru hdfk { @ 4> = = = > t dqg | @ 4> = = = > t>

Ohw hdfk +{> |, 5 ] eh dq lvodqg zlwk suredelolw| Sl>
Fdoo p @ qxpehu ri lvodqgv lq ] diwhu wkh dvvljqdwlrq>
Ohw lvodqg 5 ~4> = = = >p� lqgh{ lvodqgv>
Ohw ^{+lvodqg,/|+lvodqg,` eh wkh frruglqdwhv ri lvodqg �lvodqg*>

Hqg Surf Jhqhudwlqj Lqlwldo Lvodqgv>

Ehjlq Surf Dvvljqlqj Surgxfwlylw| Frh!flhqwv>
Gr Iru hdfk lvodqg@4> = = = >p>

Ohw v+lvodqg, @ v^{+lvodqg,/|+lvodqg,` =@ {+lvodqg,.|+lvodqg,>
Hqg Surf Dvvljqlqj Surgxfwlylw| Frh!flhqwv>

Ehjlq Surf Ghi1 Hfrq1 Iurqwlhu +HI, dqg Fxuu1 Uhdol}hg Hfrq1 +FUH,>
Ohw {iurqwlhu @ ~pd{ {+lvodqg,�/ lvodqg 5 ~4> = = = >p�>
Ohw |iurqwlhu @ ~pd{ {+lvodqg,�/ lvodqg 5 ~4> = = = >p�>
Gh�qh wkh FUH dv wkh Er{ ~+3/3,/+{iurqwlhu/ |iurqwlhu,�>

Hqg Surf Ghi1 Hfrq1 Iurqwlhu +HI, dqg Fxuu1 Uhdol}hg Hfrq1 +FUH,>
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Ehjlq Surf Dvvljqlqj Djhqwv wr Lqlwldo Lvodqgv>
Gr iru hdfk djhqw l@~4/ /Q�>

Dvvljq dw udqgrp lvodqg+l,5~4> = = = >p�>
Ohw vwdwxv+l,@plqhu>
Ohw djhqw l frruglqdwhv eh {+l,@{+lvodqg,/ |+l,@|+lvodqg,>
Ohw ^& ri plqhuv`@Q/ ^&h{soruhuv`@3/ ^&lplwdwruv@3`>

Hqg Surf Dvvljqlqj Djhqwv wr Lqlwldo Lvodqgv>

Hqg Surf Lqlwldo Frqglwlrqv>

Ehjlq Surf Pdlq Lwhudwlrq>
Ohw w@w.4>
Gr xqwlo w@W>

Ehjlq Surf Xsgdwlqj &plq1/ &h{so1/ &lplw1/ &plq1+lvodqgv,>
&plqhuv @ Vxp ryhu doo l vxfk wkdw vwdwxv+l,@plqhu>
&h{soruhuv @ Vxp ryhu doo l vxfk wkdw vwdwxv+l,@h{soruhu>
&lplwdwruv @ Vxp ryhu doo l vxfk wkdw vwdwxv+l,@lplwdwru>
Gr iru hdfk lvodqg@4> = = = >p>

Frpsxwh &plqhuv+lvodqg, @ vxp ryhu doo l@~4> = = = >Q�
vxfk wkdw vwdwxv+l,@plqhu dqg lvodqg+l,@lvodqg>

Hqg Surf Xsgdwlqj &plq1/ &h{so1/ &lplw1/ &plq1+lvodqgv,>

Ehjlq Surf Frpsxwlqj rxwsxw dqg Lvodqgv* surgxfwlylwlhv>
Gr iru hdfk djhqw l@~4/ /Q� vxfk wkdw vwdwxv+l,@plqhu>

rxwsxw+l, @ v^lvodqg+l,`-^&plqhuv+lvodqg+l,,`a+Doskd04,>
Gr iru hdfk lvodqg@4> = = = >p>

rxwsxw+lvodqg,@v+lvodqg,-^&plqhuv+lvodqg,`a+Doskd,>
su+lvodqg,@ v+lvodqg,-^&plqhuv+lvodqg,`a+Doskd04,>

JQS @ Vxp^T+lvodqg,`/ lvodqg@4> = = = >p>
Hqg Surf Frpsxwlqj rxwsxw dqg Lvodqgv* surgxfwlylwlhv>

Ehjlq Surf Plqhuv Ehkdylru>
Gr iru hdfk djhqw l@~4/ /Q� vxfk wkdw vwdwxv+l,@plqhu>

Ehjlq Surf Dvvljqlqj Phpru| wr Plqhuv>
Phpru|+l,@ Rxwsxw+l,>

Hqg Surf Dvvljqlqj Phpru| wr Plqhuv>
Ehjlq Surf Plqhuv 0: H{soruhu fkdqjh ri vwdwxv>

Gr zlwk suredelolw| Hsvlorq>
Ohw vwdwxv+l,@h{soruhu dw w.4>

Hqg Surf Plqhuv 0: H{soruhu fkdqjh ri vwdwxv>

Hqg Surf Plqhuv Ehkdylru>

Ehjlq Surf H{soruhuv Ehkdylru>
Gr iru hdfk djhqw l@~4/ /Q� vxfk wkdw vwdwxv+l,@h{soruhu>

Ehjlq Surf H{soruhu Pryh>
Gudz udqgrpo| rqh ri wkh 7 dgmdfhqw qrghv ri {+l,/|+l,>
Fkhfn srvlwlylwhqhvv ri qhz frruglqdwhv>
Xsgdwh dffruglqjo| {+l,/|+l,>

Hqg Surf H{soruhu Pryh>

Ehjlq Surf Fkhfnlqj zkhwkhu h{soruhu l lv LQ ru rxw wkh FUH>
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Li lw lv LQ wkhq JR wr Surf Nqrzq Lvodqg Glvfryhu|>
Li lw lv RXW wkhq JR wr Surf Qhz Lvodqg Glvfryhu|>

Hqg Surf Fkhfnlqj zkhwkhu h{soruhu l lv LQ ru rxw wkh FUH>

Ehjlq Surf Nqrzq Lvodqg Glvfryhu|>
Li {+l,@{+lvodqg,/ vrph lvodqg m� 5 ~4> = = = >p� wkhq gr>

Ohw Vwdwxv+l,@ plqhu dw w.4>
Ohw Lvodqg+l,@ m� dw w.4>
Ohw {+l,@ {+lvodqg m�,/ |+l,@ |+lvodqg m�, dw w.4>

Hovh JR wr Surf Lqirupdwlrq Gl�xvlrq>
Hqg Surf Nqrzq Lvodqg Glvfryhu|>

Ehjlq Surf Qhz Lvodqg Glvfryhu|>
Gr zlwk suredelolw| sl>

Ohw {+l,/|+l, eh dq lvodqg>
Ohw Lvodqg+l,@ p.4 dw w.4>
Ohw {+lvodqg p.4,@ {+l,>
Ohw |+lvodqg p.4,@ |+l,>
Ohw Vwdwxv+l,@ plqhu dw w.4>

Ehjlq Surf Vhw Surgxfwlylw| Frh�1 Qhz Lvodqg>
Gudz Z iurp d Srlvvrq^Odpegd`>
Gudz X iurp d 30phdq Uhfwdqjxodu Glvwu>
Gh�qh Glvw+l,@{+l,.|+l,>
Gh�qh SG+l, @ Skl - Phpru|+l,>
Ohw v+p.4,@ +4.Z,-^Glvw+l,. SG+l, . X`>

Hqg Surf Vhw Surgxfwlylw| Frh�1 Qhz Lvodqg>

Ehjlq Surf Xsgdwlqj HI dqg FUH>
Ohw {iurqwlhu @ ~pd{ {+lvodqg,�/ lvodqg 5 ~4> = = = >p�>
Ohw |iurqwlhu @ ~pd{ {+lvodqg,�/ lvodqg 5 ~4> = = = >p�>
Xsgdwh wkh FUH Er{ ~+3/3,/+{iurqwlhu/ |iurqwlhu,�>

Hqg Surf Xsgdwlqj HI dqg FUH>

Hqodujh wkh vhw ri fxuuhqwo| nqrzq lvodqgv p@p.4>
Hqg Surf Qhz Lvodqg Glvfryhu|>

Hqg Surf H{soruhuv Ehkdylru>

Ehjlq Surf Lplwdwruv Ehkdylru>
Gr iru hdfk djhqw l@~4/ /Q� vxfk wkdw vwdwxv+l,@lplwdwru>

Fdoo lplwdwhg+l, @ lqgh{ ri lvodqg lplwdwhg e| l>
Ohw glvw+l/ lplwdwhg+l,,@ glvw+l/ lplwdwhg+l,, 0 4>
Li glvw+l/ lplwdwhg+l,,@ 3 ^l kdv uhdfkhg wkh lplwdwhg lvodqg m�` wkhq gr>

Ohw Vwdwxv+l,@ plqhu dw w.4>
Ohw Lvodqg+l,@ m� dw w.4>
Ohw {+l,@{+m�, dw w.4>
Ohw |+l,@|+m�, dw w.4>

Hqg Surf Lplwdwruv Ehkdylru>

Ehjlq Surf Lqirupdwlrq Gl�xvlrq>

Ehjlq Surf Vljqdov Uhfhswlrq>
Gr iru hdfk djhqw l@~4> = = = >Q� vxfk wkdw vwdwxv+l,5 ~plqhu/ h{soruhu�>
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Gr iru hdfk lvodqg @~4> = = = >p� vxfk wkdw
&plqhuv+lvodqg,	:3 dqg lvodqg 	: lvodqg+l,>

G+l>m,@Dev^{+l,0{+lvodqg m,`.Dev^|+l,0|+lvodqg m,`>
Ohw djhqw l uhfhlyh d vljqdo iurp lvodqg m zlwk suredelolw|=
lqw @ ^&plqhuv+lvodqg,2&plqhuv`-h{s~0Ukr- G+l>m,�>
Frpsxwh wkh qxpehu vl+l, ri vljqdov uhfhlyhg e| l>
Vwruh wkh vxevhw ri lqgh{hv V+l,�~4> = = = >p�/ �V+l,�@vl+l,
ri lvodqgv zklfk l kdv uhfhlyhg d vljqdo iurp>

Vwruh wkh fxuuhqw su+lvodqg,/ lvodqg 5 V+l,>
Hqg Surf Vljqdov Uhfhswlrq>

Ehjlq Surf Vljqdov Fkrlfh>
Gr iru hdfk djhqw l@~4> = = = >Q� vxfk wkdw
vwdwxv+l, 5 ~plqhu/ h{soruhu� dqg vl+l,:3>

Ohw n4+l, wkh ^vl+l,.4`0yhfwru zkrvh �uvw vl+l, hqwulhv duh
wkh hohphqwv ri V+l, dqg zkrvh ^vl+l,.4`0wk hqwu| lv lvodqg+l,>

Ohw n5+l, wkh ^vl+l,.4`0yhfwru zkrvh k0wk hqwu| lv su+lvodqg,/
lvodqg 5 V+l,/ k � vl+l,/ dqg zkrvh ^vl+l,.4`0wk hqwu| lv su^lvodqg+l,`>
H{wudfw dq lqgh{ iurp n4+l, zlwk suredelolwlhv sursruwlrqdo
wr wkh hqwulhv ri n5+l, dqg fdoo lw lplwdwhg+l,>

Li lplwdwhg+l, 	: lvodqg+l, wkhq gr>
Ohw Vwdwxv+l, @ lplwdwru dw w.4>
Ohw glvw+l/ lplwdwhg+l,, @ Dev^{+l,0{+lplwdwhg+l,,` .
. Dev^|+l,0|+lplwdwhg+l,,`>

Ohw lplwdwhg lvodqg @ lplwdwhg+l,>
Li lplwdwhg+l, @ lvodqg+l, wkhq jr wr qh{w l>

Hqg Surf Vljqdov Fkrlfh>

Hqg Surf Lqirupdwlrq Gl�xvlrq>

Vwruh doo uhohydqw wlph w yduldeohv>
Hqg Surf Pdlq Lwhudwlrq>
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Dsshqgl{ 5

D514 Surri ri Sursrvlwlrq lq Vhfwlrq 714

Frqvlghu wkh vwrfkdvwlf surfhvvP w @ i+P4w>P5w,> w @ 4> 5> = = = j/ zkhuhPmw

lv wkh u1y1 �qxpehu ri djhqwv cplqlqj* rq lvodqg m dw wlph w�/ m 5 i4> 5j1 Vlqfh
lw pxvw krog wkdw wkh wrwdo qxpehu ri plqhuv dw wkh ehjlqqlqj ri w @ 3 lv Q +l1h1
P43 .P53 @ Q,/ zh fdq dvvxph dv lqlwldo frqglwlrqv vrph glvwulexwlrq S3 rq
P43 zlwk vwdwh vsdfh i3> = = = > Qj dqg ohw S +P3, @ S +P43> Q�P43, @ S3+P43,1
Wkh surfhvv P w frpsohwho| ghvfulehv wkh hfrqrp|/ dv wkh fxuuhqw qxpehu ri
lplwdwruv zloo vlpso| eh Hw @ Q � +P4w .P5w,1

41 Gh�qh Om>w/ m @ 4> 5 dqg w � 3/ dv wkh udqgrp yduldeohv= �qxpehu ri
plqhuv zrunlqj rq lvodqg m dw +wkh ehjlqqlqj ri, wlph w zkr fkrrvh wr
lplwdwh lvodqg m3 5 i4> 5j> m3 9@ m �1 Jlyhq vwrfkdvwlf lqghshqghqfh lq wkh
wzr0vwdjh surfhgxuh ghvfulehg lq Vhfwlrq 618 0 fi1 lq sduwlfxodu Ht1 +43, 0
wkhq lw lv vwudljkwiruzdug wr vhh wkdw=

+d, Wkh suredelolw| glvwulexwlrq ri Om>w frqglwlrqdo rq P w @ +p4>w>p5>w,
lv d elqrpldo +q> s, zlwk sdudphwhuv q @ pm>w dqg=

s @ sm3>w @

@

�
pm3>w

pm>w .pm3>w
h��+v�4,

�
�
%

vm3 p�
m3>w

vm p�
m>w . vm3 p�

m3>w

&
@ +D514,

@
vm3 p

�.4
m3>w

+pm>w .pm3>w,
�
vm p�

m>w . vm3 p�
m3>w

�h��+v�4,
zkhuh +pm>w .pm3>w, dqg vm p

�
m>w . vm3 p

�
m3>w duh/ uhvshfwlyho|/ wkh wr0

wdo qxpehu ri plqhuv dqg wrwdo JQS dw wlph w> sm3>w lv vlpso| wkh
suredelolw| wkdw d plqhu zrunlqj dw +wkh hqg ri, wlph w rq lvodqg m
zloo ghflgh wr lplwdwh lvodqg m3991

+e, Wkh udqgrp yduldeohv Om� mP� dqg Om3� 3mP� 3 duh vwrfkdvwlfdoo| lqgh0
shqghqw iru dq| � 9@ � 3/ doo +m> m3, 5 i4> 5j5/ dqg vr duh OmwmP w dqg
Om3wmP w iru m 5 i4> 5j dqg m3 5 i4> 5j/ m3 9@ m1

+f, Wkh uhodwlrq ehwzhhq P w dqg Ow�� @ +O4>w�� > O5>w�� ,/ 4 � � � w/
uhdgv=

�Pm>w @ Pm>w �Pm>w�4 @ �Om>w�4> w @ 4> = = = > v� 4

+D515,

�Pm>w @ Pm>w �Pm>w�4 @ Om3>w�v � Om>w�4> w � v

99Qrwlfh wkdw lq Ht1 +D514, zh kdyh vxssrvhg wkdw/ rqfh kdylqj uhfhlyhg d vljqdo/ djhqwv
fkrrvh lvodqgv wr lplwdwh zlwk suredelolwlhv sursruwlrqdo wr '|E%� c +�� dqg qrw wr wkhlu sur0
gxfwlylwlhv dv dvvxphg lq Vhfwlrq 6181 Wklv vfdolqj rshudwlrq kdv ehhq shuiruphg wr ghdo zlwk
ydoxhv ri k M dfc"o lqvwhdg ri k M d�c"o dqg grhv qrw d�hfw wkh uhvxowv suhvhqwhg khuh1
Pruhryhu/ lq rughu wr dyrlg d ff h{suhvvlrq iru � Eu�c| ' f�6�c|c62c|� zkhq 6�c| ' � +dqg
wkhq R��c| ' f,/ zh kdyh dovr dvvxphg wkdw � Eu�c| ' f�6�c| ' �c6��c| ' f� ' �1
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Lqghhg/ lplwdwruv wdnh v shulrgv ehiruh wkh| vwduw surgxflqj rq wkh
fkrvhq lvodqg1 Wkhq/ lq wkh �uvw v� 4 shulrgv/ wkh qxpehu ri plqhuv
zrunlqj rq lvodqg m dw wlph w zloo eh vlpso| htxdo wr Pm>w�4�Om>w�41
Zkhq w � v/ krzhyhu/ lplwdwruv zkr ohiw m3 dw wlph w�v kdyh uhdfkhg
m1 Vr Pm>w @ +Pm>w�4 � Om>w�4, . Om3>w�v1

Htxdwlrqv +D515, lpso| wkdw P w lv d Pdunry surfhvv/ dv wkh frqglwlrqdo
glvwulexwlrq zloo reh|=

S +P wmP w�k> k @ 4> 5> = = = > w, @

�
S +P wmP w�4,> 4 � w � v� 4
S +P wmP w�4>P w�v,> w � v

+D516,

zkloh/ dw dq| wlph w � 4/ wkh mrlqw glvwulexwlrq zloo eh jlyhq e|=

S +P w>P w�4> = = = >P3, @ ^
w�v\
k@3

S +P w�kmP w�k�4>P w�k�v,` �

+D517,

�^
v�4\
k@4

S +Pv�kmPv�k�4, ` � S +P3,

Pruhryhu/ wkh hyhqwv= �d plqhu l zrunlqj rq m dw wlph w ghflghv wr lplwdwh
lvodqg m3 5 i4> 5j> m3 9@ m � duh vwrfkdvwlfdoo| lqghshqghqw/ iru w � v/ jlyhq
+P w�4>P w�v, dqg/ iru 4 � w � v� 4/ jlyhq P w�41 Wkhq=

S +P wmP w�4, @ S +P4>wmP w�4, � S +P5>wmP w�4,> 4 � w � v� 4

+D518,

S +P wmP w�4>P w�v, @

@ S +P4>wmP w�4>P w�v, � S +P5>wmP w�4>P w�v,> w � v

Wr frpsohwh wkh surri ri srlqw +4, lw pxvw eh vkrzq wkdw wkh lqlwldo frqgl0
wlrq P43.P53 @ Q hqvxuhv wkdw Pw @ P4w.P5w � Q / doo w � 41 Wr vhh
wklv/ frqvlghu Htv1 +D515, dqg ohw +P43>P53, @ +p43>Q �p43,1 Wkhq/
e| uhfxuvlrq/ rqh jhwv=

Pw @

;AAAA?AAAA=
Q �

w�4S
k@3

S
m@4>5

Om>k 4 � w � v� 4

Pv�4 .
v�5S
k@3

S
m@4>5

Om>k .
v�5S
k@3

S
m@4>5

Om>w�k�4 w � v

Khqfh/ zkhq 4 � w � v � 4/ Q � Pmw � Pmw�4/ m @ 4> 5 dqg Pw � Q 1
Pruhryhu/ zkhq w � v=

Pw � Pv�4 .
v�5[
k@3

[
m@4>5

Om>k @ Pv�4 .Q �Pv�4 @ Q=
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Ehiruh surylqj srlqw +5,/ ohw xv frpsxwh wkh glvwulexwlrqv ri +Pm>wmP w�4, /
4 � w � v � 4/ dqg ri +Pm>wmP w�4>P w�v,/ w � v1 Ohw P w�4 @ +p4>w�4>p5>w�4,
dqg P w�v @ +p4>w�v>p5>w�v,1 Wkhq/ e| Htv1 +D515,/ iru dq| p@ i+p4>p5,
= 3 � p4 � Q> 3 � p5 � Q> p4 .p5 � Qj/ dqg iru m 5 i4> 5j/ m3 5 i4> 5j/
m3 9@ m=

S +Pm>w @ pm mP w�4, @ S +Om>w�4 @ pm>w�4 �pm mP w�4,> 4 � w � v� 4

+D519,

S +Pm>w @ pm mP w�4>P w�v, @

@ S +Km>m3+w� 4> w� v, @ pm �pm>w�4mP w�4>P w�v,> w � v

zkhuh Km>m3+w�4> w�v, @ Om3>w�v�Om>w�4 lv d udqgrp yduldeoh zklfk/ frqglwlrqdo
rq vrph ihdvleoh P w�4 @ +p4>w�4>p5>w�4, dqg P w�v @ +p4>w�v>p5>w�v,/ kdv
vxssruw i�pm>w�4> = = = >�4> 3>.4> = = = >pm3>w�vj dqg lv +frqglwlrqdoo|, glvwulexwhg
dv d gl�huhqfh ehwzhhq dELQ+pm3>w�v> sm>w�v, dqg dELQ+pm>w�4> sm3>w�4,1 Khqfh=

SureiPm>w @ n m P w�4 @ +p4>w�4>p5>w�4,> P w�v @ +p4>w�v>p5>w�v,j @

@ +4� sm>w�v,
pm3>w�v+4� sm3>w�4,

pm>w�4 � +D51:,

�
[
k

�
pm>w�4

k

��
pm3>w�v

n . k

��
sm3>w�4

4� sm3>w�4

�k�
sm>w�v

4� sm>w�v

�n.k

zkhuh wkh vxp lv wdnhq ryhu k @ ipd{i3>�nj> = = = >plqipm>w�4>pm3>w�v � njj
dqg sm>w*v duh dv lq +D514,1

51 Zkhq qr cehvw sudfwlfh* lv suhvhqw lq wkh hfrqrp|/ Htv1 +D515, dqg +D518,
erlo grzq wr=

�Pm>w @ Pm>w �Pm>w�4 @ Om3>w�4 � Om>w�4

+D51;,

S +P wmP w�4>P w�v, @ S +P4>wmP w�4, � S +P5>wmP w�4,

iru doo w � 41 Dv P4w .P5w � Q / dq| w � 4/ wkh ehkdylru ri wkh v|vwhp
iru doo w � 3 lv ghvfulehg e| wkh vfdodu u1y1 Pw @ P4w1 Iru d jlyhq lqlwldo
glvwulexwlrq S +P3,/ wkh vwrfkdvwlf surfhvv iPw> w � 4j lv d vwdwlrqdu|
Pdunry fkdlq zlwk glvfuhwh vwdwh vsdfh i3> 4> = = = > Q � 4> Qj/ dv +D51;,
lpsolhv wkdw S +Pw, @ S +Pw�4, � S +PwmPw�4,/ w � 41 E| +D519,/ zh nqrz
wkdw= s+p3mp, @ S +Pw @ p3mPw�4 @ p, @ S +K45+w� 4, @ p3 �p,> dqg
wkdw K45+w� 4, 0 frqglwlrqdoo| rq Pw�4 @ p 0 lv wkh gl�huhqfh ehwzhhq d
ELQ+Q �p> s4, dqg d ELQ+p> s5,/ zkhuh=

+s4> s5, @

�
p�.4

Q � +p� . +Q �p,�,
>

+Q �p,�.4

Q � +p� . +Q �p,�,

�
Khqfh s+p3mp, @ 4 li dqg rqo| li +p3>p, 5 i+3> 3,> +Q>Q,j/ zkloh s+p3mp, @
3 li dqg rqo| li p 5 i3> Qj dqg p3 5 i4> = = = > Q � 4j1 Diwhu d vwdqgdug
urz2froxpq shupxwdwlrq/ wkh +Q .4,� +Q .4, wudqvlwlrq pdwul{ S jhwv
wkh irup=

S @

�
L5�5 35�+Q�4,

U+Q�4,�5 T+Q�4,�+Q�4,

�
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zkhuh wkh p0wk urz ri U lv up @ ^s+3mp,> s+Q mp,` @ ^sQ�p4 > sp5 `/ p 5
i4> = = = > Q�4j/ dqg wkh jhqhulf +p>p3,0hqwu| riT/ iru +p>p3, 5 i4> = = = > Q�
4j � i4> = = = > Q � 4j/ lv jlyhq e| +vhh D51:,=

s+p3mp, @ +4� s4,
Q�p+4� s5,

p �

�
plqip>Q�p3j[

k@pd{i3>p�p3j

�
p

k

��
Q �p

p3 �p. k

��
s5

4� s5

�k�
s4

4� s4

�p3�p.k

Khqfh wkh Pdunry fkdlq Pw lv qrw luuhgxfleoh +ehfdxvh S lv qrw uhjxodu,
dqg wkh surfhvv glvsod|v wzr devruelqj vwdwhv [U @ ip.>p�j @ i3> Qj1
Wkh odwwhu duh wkh rqo| uhfxuuhqw vwdwhv zkloh [W @ i4> = = = > Q � 4j
duh doo wudqvlhqw1 Wklv lpsolhv wkdw wkh surfhvv zloo eh devruehg doprvw
vxuho|1 Ilqdoo|/ frqvlghu wkh +Q � 4, � 5 pdwul{ E zkrvh jhqhulf urz lv
^e3+p,> eQ+p,`/ p 5 i4> = = = > Q � 4j dqg ep�+p, lv wkh suredelolw| ri eh0
lqj devruehg e| wkh uhfxuuhqw vwdwh p� 5 i3> Qj vwduwlqj dw wlph 3 iurp
p1 Wkhq/ vwdqgdug uhvxowv 0 fi1 Nhphq| dqg Vqhoo +4<93, 0 doorzv xv wr
frqfoxgh wkdw= E @ +L�T,�4U1

61 Zkhq v A 4/ P w lv qr orqjhu d vwdwlrqdu| Pdunry surfhvv/ dv wudqvlwlrq
suredelolwlhv iru 4 � w � v � 4 gl�hu iurp wkrvh iru w � v1 Lq sduwlfxodu/
jlyhq P w�4 @ +p4>w�4>p5>w�4, dqg P w�v @ +p4>w�v>p5>w�v,/ wkhq li 4 �
w � v� 4 +D51<,=

�P4>wmP w�4

g
��ELQ+p4>w�4>

vp�.4
5>w�4h

��+v�4,

+p4>w�4 .p5>w�4,
�
p�

4>w�4 . vp�
5>w�4

� ,
�P5>wmP w�4

g
��ELQ+p5>w�4>

p�.4
4>w�4h

��+v�4,

+p4>w�4 .p5>w�4,
�
p�

4>w�4 . vp�
5>w�4

� ,
zkloh/ iru w � v +D5143,=

�P4>wmP w�4>P w�v

g
�ELQ+p5>w�v>

p�.4
4>w�vh

��+v�4,

+p4>w�v .p5>w�v,
�
p�

4>w�v . vp�
5>w�v

� , .
�ELQ+p4>w�4>

vp�.4
5>w�4h

��+v�4,

+p4>w�4 .p5>w�4,
�
p�

4>w�4 . vp�
5>w�4

� ,

�P5>wmP w�4>P w�v

g
�ELQ+p4>w�v>

vp�.4
5>w�vh

��+v�4,

+p4>w�v .p5>w�v,
�
p�

4>w�v . vp�
5>w�v

� , .
�ELQ+p5>w�4>

p�.4
4>w�4h

��+v�4,

+p4>w�4 .p5>w�4,
�
p�

4>w�4 . vp�
5>w�4

� ,
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zkhuh
g
� vwdqgv iru clv glvwulexwhg dv*1 Wr vkrz wkdw P w zloo doprvw vxuho|

eh devruehg e| wkh vwdwhv p. @ +3> Q, dqg p
�
@ +Q> 3,/ ohw xv vwduw wr

qrwh wkdw/ dvP4>w.P5>w � Q iru doo w � 4/ wkhq liP4>w�v @ Q +ru v|pphw0
ulfdoo|P5>w�v @ Q, iru vrph w�v � 3/ wkhq P5>w�v @ 3 +ru v|pphwulfdoo|
P4>w�v @ 3,1 Vhfrqg/ Htv1 +D515, lpso| wkdw +l, S +�Pm>w � 3mP w�4, @ 4/
m @ 4> 5 zkhq 4 � w � v�4> dqg +ll, li m3 5 i4> 5j/ m3 9@ m/ wkhq iru m @ 4> 5
dqg 4 � w � v� 4=

Pm>w @ Pm>3 � ^Om>3 . = = =. Om>w�4`>

zkloh iru m @ 4> 5 dqg w � v =

Pm>w @ Pm>3 � ^Om>3 . Om>4 . = = =. Om>w�4` . ^Om3>3 . Om34 . = = =. Om3>w�v`=

Khqfh/ li w � 5v� 4=

P4>w @ P4>w�v � ^O4>w�v . O5>w�v`� ^O4>w�4 . = = =. O4>w�v.4` .

.^O5>w�v�4 . = = =. O5>w�5v.4`

+D5144,

P5>w @ P5>w�v � ^O4>w�v . O5>w�v`� ^O5>w�4 . = = =. O5>w�v.4` .

.^O4>w�v�4 . = = =. O4>w�5v.4`

Frqvhtxhqwo|/ li iru vrph w/P4>w�v @ Q +dqg vrP5>w�v @ 3,/ wkhq Om>w @ 3
iru w @ w� 5v.4> = = = > w� 4 dqg m @ 4> 51 Wklv vkrzv wkdw/ dovr lq wkh fdvh
v A 4/ wkh vwdwhv p. @ +3> Q, dqg p� @ +Q> 3, duh devruelqj1 Lq idfw/ e|
+D5144,/ li w lv vx!flhqwo| odujh/ wkhq iru doo � � 4 +D5145,=

Surei+P4>w�v.� >P5>w�v.� , @ +Q> 3,m+P4>w�v>P5>w�v, @ +Q> 3,j @ 4

Surei+P4>w�v.� >P5>w�v.� , @ +3> Q,m+P4>w�v>P5>w�v, @ +3> Q,j @ 4

Lqwxlwlyho|/ li doo plqhuv kdyh wr eh zrunlqj rq lvodqg 4 dw wlph w � v/
wkhq qrerg| frxog ohdyh dq| lvodqgv gxulqj wkh v wlph shulrgv ehiruh w�v
dqg gxulqj wkh v wlph shulrg diwhu w � v1 Doo rwkhu vwdwhv duh wudqvlhqw/
dv rqh fdq hdvlo| vhh e| gluhfwo| frpsxwlqj suredelolwlhv lq +D51:,/ iru
hyhu| 70wxsoh +p4>w�4>p5>w�4>p4>w�v>p5>w�v, 5 i3> 4> = = = > Qj7 vxfk wkdw
p4>w�4 .p5>w�4 � Q dqg p4>w�v .p5>w�v � Q 1

D515 Wkh Dyhudjh Ehkdylru ri wkh Hfrqrp|

Htxdwlrqv +D519, dqg +D51:, mrlqwo| lpso| wkdw/ iru dq| m 5 i4> 5j dqg
m3 5 i4> 5j/ m3 9@ m=

H+Pm>wmP w�4, @ pm>w�4 �pm>w�4sm3>w�4> 4 � w � v� 4

+D5146,

H+Pm>wmP w�4>P w�v, @ pm>w�4 .pm3>w�vsm>w�v �pm>w�4sm3>w�4> w � v
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Ohw xv wkhq gh�qh wkh +frqglwlrqdo, h{shfwhg vkduh ri zrunhu rq lvodqg m
dv {m>w @ pm>w@Q / m 5 i4> 5j1 Dvvxph dovr wkdw Q lv odujh hqrxjk/ vr wkdw
{m>w 5 ]^3> 4`1 Vxevwlwxwlqj +D514, lqwr +D5146, |lhogv/ iru 4 � w � v� 4=

�
{4>w
{5>w

�
@

�
{4>w�4
{5>w�4

�
� h��+v�4,

57 v{4>w�4{
�.4

5>w�4

+{4>w�4.{5>w�4,+{�4>w�4.v{
�
5>w�4

,

{�.4
4>w�4

{5>w�4

+{4>w�4.{5>w�4,+{�4>w�4.v{
�
5>w�4

,

68 >

+D5147d,

dqg/ iru w � v=

�
{4>w
{5>w

�
@

�
{4>w�4
{5>w�4

�
.

+D5147e,

.h��+v�4,

57 {�.4
4>w�v

{5>w�v

+{4>w�v.{5>w�v,+{�4>w�v.v{
�
5>w�v

, �
v{4>w�4{

�.4

5>w�4

+{4>w�4.{5>w�4,+{�4>w�4.v{
�
5>w�4

,

v{4>w�v{
�.4

5>w�v

+{4>w�v.{5>w�v,+{�4>w�v.v{
�
5>w�v

, �
{�.4
4>w�4

{5>w�4
+{4>w�4.{5>w�4,+{�4>w�4.v{

�
5>w�4

,

68 =

Jlyhq vrph �{hg lqlwldo frqglwlrqv {3 @ {43 5 ]^3> 4` 0 dqg {53 @ 4 � {43
0 wkh v|vwhp ri qrq0olqhdu gl�huhqfh htxdwlrqv +D5147, ghvfulehv/ iru doo w � 3/
wkh ehkdylru ri wkh h{shfwhg qxpehu ri plqhuv rq lvodqgv 4 dqg 5/ frqglwlrqdo
rq wkhlu sdvw fkrlfhv1

Lq wkh iroorzlqj/ zh zloo eulh | fkdudfwhul}h wkh olplw ehkdylru ri {w @
+{4w> {5w, dv d ixqfwlrq ri erwk v|vwhp sdudphwhuv +v> �> �, dqg lqlwldo frqgl0
wlrqv {31

D5151d Wkh fdvh v@4

Li v @ 4/ wkhq {5w @ 4�{4w @ 4�{w/ doo w � 31 Wkhuhiruh +D5147d/e, froodsvh
lqwr wkh iroorzlqj 40glphqvlrqdo qrqolqhdu gl�huhqfh htxdwlrq=

{w @ {w�4 . {w�4+4� {w�4,
{�w�4 � +4� {w�4,�

{�w�4 . +4� {w�4,�
@ k+{w�4> d, +D5148,

iru d � 3 dqg lqlwldo frqglwlrq {3 5 ^3> 4`1
Lw lv hdv| wr vhh wkdw wkh iroorzlqj idfwv derxw k duh wuxh= +l, k = ]^3> 4` $

^3> 4`> doo � � 3> +ll, k+3> �, @ 3/ k+4> �, @ 4/ k+45 > �, @ 4
5 > +lll, k+3> �, lv F5 lq

]^3> 4`> +ly,Ck@C{w�4 � 3 doo {w�4 5 ^3> 4`> +y, {w � k+{w�4>�, � 3 iru {w�4 � 4
5

dqg {w � k+{w�4>�, � 3 iru {w�4 � 4
5 > dqg/ �qdoo|/ +yl, C

5k@C{5 � 3/ { � 4
5

dqg C5k@C{5 � 3/ { � 4
5 1 Khqfh/ wkh qrqolqhdu gl�huhqfh htxdwlrq +D5148,

h{klelwv wkuhh �{hg srlqwv i3> 45 > 4j/ exw rqo| i3> 4j duh vwdeoh1 Wkh hfrqrp|
zloo frqyhujh wr wkh srlqw {. @ 4 ^frqyhuvho|/ {� @ 3` li {3 A 4

5 ^frqyhuvho|/ li
{3 ?

4
5 `/ zkloh qr g|qdplfv zloo dulvh rqo| li {3 @ 4

5 1
Wkh sdudphwhu � zloo d�hfw wkh devroxwh ydoxh ri wkh udwh ri frqyhujhqfh=
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�w @
m�{wm
{w�4

@ +4� {w�4,
m{�w�4 � +4� {w�4,�m
{�w�4 . +4� {w�4,�

=

Lqghhg/ �w lv vwulfwo| lqfuhdvlqj lq � iru {w�4 � 4
5 +l1h1 zkhq {w lv lqfuhdvlqj

wrzdug 4, dqg vwulfwo| ghfuhdvlqj iru {w�4 � 4
5 +l1h1 zkhq {w lv ghfuhdvlqj

wrzdug 3,1 Zkhq � @ 3 +qr surgxfwlrq,/ wkhq {w @ k+{w�4> 3, @ {w�4 dqg dq|
lqlwldo frqglwlrq lv vwdeoh1 Zkhq 3 ? � ? 4 wkh surgxfwlrq h{klelwv ghfuhdvlqj
uhwxuqv wr vfdoh dw wkh lvodqgv* ohyho/ vr wkdw wkh devroxwh udwh ri frqyhujhqfh lv
yhu| orz1 Zkhq wkh surgxfwlrq whfkqrorj| lv olqhdu +� @ 4,/ wkhq n+{w�4> 4, @
+4�{w�4,+5{w�4� 4,1 Dv � lqfuhdvhv wkhq wkh vkdsh ri wkh ixqfwlrq k ehfrphv
pruh fxuyhg1 Ilqdoo|/ dv d $ 4/ k frqyhujhv wr=

k�+{w�4, @ olp
�$4

k+{w�4> d, @

�
{5w�4> 3 � {w�4 ?

4
5

5{w�4 � {5w�4>
4
5 � {w�4 � 4

zklfk lv qrw gh�qhg dw {w�4 @ 4
5 1 Lqghhg/ k

�+45
�
, @ 4

7 dqg k�+45
.
, @ 6

7 1 Lq
wklv fdvh/ wkh ehkdylru ri wkh v|vwhp lq xqghwhuplqhg dv orqj dv rqh vwduwv zlwk
lqlwldo frqglwlrqv {3 @ 4

5 1

D5151e Wkh fdvh vA4

Li v A 4/ wkh wzr0glphqvlrqdo qrqolqhdu gl�huhqfh htxdwlrq +D5147, pxvw eh
dqdo|}hg qxphulfdoo|1 Iluvw/ lw lv hdv| wr vhh +e| lqvshfwlrq, wkdw +D5147, vwloo
glvsod|v wzr vwdeoh �{hg srlqwv/ l1h1 i+4> 3,> +3> 4,j1 Krzhyhu/ wkhuh h{lvw dovr dq
lqwhulru xqvwdeoh �{hg srlqw i{�+v> �> �,> 4� {�+v> �> �,j/ zklfk lv d ixqfwlrq ri
wkh v|vwhp sdudphwhuv1 Qr rwkhu olplw ehkdylru dulvhv/ dv elixufdwlrq gldjudpv
vkrz1

Iru dq| v @ 5> 6> = = = / wkh ixqfwlrq {�+v> �> �, sduwlwlrqv wkh wzr0glphqvlrqdo
sdudphwhu vsdfh ]^3> 4`�?. lqwr dq ch!flhqw* uhjlrq +l1h1 vxfk wkdw olpw$4 {4w @
3, dqg dq clqh!flhqw* rqh +l1h1 vxfk wkdw olpw$4 {4w @ 4,1 Iljxuh D514 vkrzv
wkh surmhfwlrq ri wkh elixufdwlrq gldjudp rqwr wkh sodqh +�> {3,= iru dq| �/ wkh
fxuyhv glvsod| wkh ydoxh ri {3 vxfk wkdw �{w @ 3/ doo w � 41 Dv wkh lqwxlwlrq
vxjjhvwv/ wkh lqh!flhqw uhjlrq vkulqnv dv � lqfuhdvhv iru � jlyhq v 0 Sdqho +d,
0 dqg dv v lqfuhdvhv iru d jlyhq � 0 Sdqho +e,1 Lq Iljxuh D515 wkh ixqfwlrq
{�+v> �> �, lv sorwwhg lq wkh fdvh v @ 5 +lwv vkdsh grhv qrw fkdqjh dv v ydulhv,1
Qrwlfh wkdw/ dv � $ 4/ {�+v> �> �, frqyhujhv wr 4

5 / dv lq wkh fdvh v @ 41 Lqghhg/
zkhq uhwxuqv wr vfdoh duh lq�qlwho| vwurqj/ lplwdwlrq vroho| gulyhv wkh g|qdplfv
+v kdv qr h�hfwv, dqg wkh v|vwhp hlwkhu frqyhujhv wr lvodqg 4 ru 5 ghshqglqj rq
{3 A

4
5 ru {3 ?

4
5 1 Frqyhuvho|/ zkhq � $ 3 +qr surgxfwlrq,/ {�+v> �> �, $ 4/ dv/

zlwk qr lplwdwlrq/ dq| whfkqrorjlfdo jds v A 3 zloo lpso| frqyhujhqfh wrzdug
wkh h!flhqw whfkqrorj|1 Ilqdoo|/ {�+v> �> �, dsshduv wr eh lqfuhdvlqj erwk lq �
dqg �/ exw wkh lq xhqfh ri wkh odwwhu lv yhu| zhdn1
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Iljxuh D514= Qr H{sorudwlrq Prgho1 Elixufdwlrq Gldjudpv iru G|qdplfdo
V|vwhpv jryhuqlqj wkh Dyhudjh Ehkdylru ri wkh V|vwhp dv d Ixqfwlrq ri wkh

Sursruwlrq ri Lqlwldo Plqhuv rq wkh Lqh!flhqw Lvodqg +{3, dqg Uhwxuqv wr Vfdoh +�,1
Ohiw Sdqho +d,= Lqfuhdvlqj wkh Orfdolw| ri Lqirupdwlrq Gl�xvlrq +v@6,1 Uljkw Sdqho
+e, Lqfuhdvlqj wkh Whfkqrorjlfdo Jds ehwzhhq Lvodqgv +v@314,+Qruwk0Hdvw Sruwlrq=
Frqyhujhqfh wrzdug Lvodqg 4> Vrxwk0Zhvw Sruwlrq= Frqyhujhqfh wrzdug Lvodqg 5,

0
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Iljxuh D515= Qr H{sorudwlrq Prgho1 Qxphulfdo Dqdo|vlv ri wkh Xqvwdeoh
Il{hg Srlqwv ri wkh Dyhudjh Ehkdylru1 Wkh Ixqfwlrq {�+v> �> �, iru v @ 5=

8:



Dsshqgl{ 6

Doo Prqwhfduor +PF, vwxglhv suhvhqwhg lq Vhfwlrq 8/ 9 dqg : uhihu wr wkh iro0
orzlqj w|sh ri h{shulphqw1 Ohw �+$, @ ^�+$> 3,> �+$> 4,> = = = > �+$> w,> = = = > �+$> W ,`3
eh vrph wlph0vhulhv jhqhudwhg e| wkh prgho xqghu wkh sdudphwul}dwlrq $ 5 
 �
i+�> *> �> �> �> �>Q> W , 5 ?6

.� ^3> 4`6�C5j dqg frqvlghu wkh +W .4,�P pdwul{
�+$, zkrvh froxpqv duh pdgh e| P lqghshqghqw uhsolfdwlrq ri �+$,1 Wkhq/
jlyhq vrph vwdwlvwlfv V+�+$,,/ zh duh lqwhuhvwhg lq dvvhvvlqj krz wkh prphqwv
ri wkh PF glvwulexwlrq 	+$, @ iV+�

p
+$,,> p @ 4> = = = >Pj/ hvshfldoo| phdq

dqg yduldqfh/ ghshqg rq $1
Wkh jrdo ri vxfk h{huflvh lv wr urxjko| hvwlpdwh krz wkh prphqwv ri lqwhu0

hvw +frpsxwhg zlwk uhvshfw wr wkh wuxh exw xqnqrzq gdwd jhqhudwlqj surfhvv,
fkdqjhv dv rqh pryhv dfurvv wkh sdudphwhu vsdfh1 Frqvlghu/ iru lqvwdqfh/ wkh
fdvh lq zklfk V+t

p
+$,, @ jp+$, @ ^+tp>W@tp>3,

4@+W.4,�4`/ l1h1 wkh DJU ri wkh
hfrqrp| ryhu W.4 shulrgv1 Wr xqghuvwdqg krz gl�huhqw ehkdylrudo dqg v|vwhp
sdudphwhuv d�hfw wkh dyhudjh shuirupdqfh ri wkh hfrqrp|/ rqh fdq hpsor|/ e|
wkh dqdorj| sulqflsoh/ wkh PF vdpsoh phdq=

jP +$, @ P�4
P[

p@4

jp+$,

wr hvwlpdwh wkh xqghuo|lqj uhodwlrq= $ :�$ H^jp+$,`> dqg wkh PF vdpsoh
yduldqfh=

�5jP +$, @ P�4
P[

p@4

^jp+$,`5 � ^jP +$,`5

wr vwxg| erwk wkh uholdelolw| ri jP +$, dv dq hvwlpdwru ri H^jp+$,` dqg/
pruh lpsruwdqwo|/ wr dvvhvv krz v|vwhp sdudphwhuv d�hfw wkh yduldelolw| ri wkh
hfrqrp|*v shuirupdqfh dfurvv lqghshqghqw vlpxodwlrqv1

Lq jhqhudo/ doo PF h{shulphqwv kdyh ehhq fduulhg rq ryhu P @ 43333 lqgh0
shqghqw vlpxodwlrqv1 Wklv fkrlfh ri P kdv ehhq vxjjhvwhg e| wzr uhodwhg revhu0
ydwlrqv1 Iluvw/ PF glvwulexwlrqv ehfrph vx!flhqwo| v|pphwulf iru P A 4333
+vhh Sdqho +d, ri Iljxuh D614 iru dq h{dpsoh zlwk DJUv, vr wkdw rqh pd|
gh�qlwho| hpsor| wr hvwlpdwh H^jp+$,` lq wkh pdmrulw| ri sdudphwulf vhwxsv1
Krzhyhu/ zkhq wkh v|vwhp lv ixhohg zlwk kljk rssruwxqlwlhv +l1h1 erwk � dqg �
yhu| odujh,/ DJU glvwulexwlrqv +dv zhoo dv wkrvh ri rwkhu vwdwlvwlfv, glvsod| vrph
dv|pphwu| zlwk khdy| uljkw wdlov/ gxh wr wkh lqfuhdvlqj olnholkrrg ri h{fhswlrqdo
glvfryhulhv1 Lq doo wkrvh fdvhv/ erwk wkh phgldq dqg wkh phdq ri wkh PF glv0
wulexwlrqv kdyh ehhq frpsxwhg dqg sorwwhg djdlqvw v|vwhp sdudphwhuv1 \hw/ doo
wkh pdlq uhvxowv suhvhqwhg lq wkh sdshu duh qrw d�hfwhg e| wkh fkrlfh ri wkh
vwdwlvwlfv zkhq P AA 43331 Vhfrqg/ uhfxuvlyh dqdo|vhv kdyh ehhq shuiruphg wr
dvvhvv li/ dqg krz idvw/ PF prphqwv +ri dq| rughu, frqyhujh wrzdug d vwdeoh
ydoxh1 Iru d vx!flhqwo| odujh vdpsoh ri wkh uhohydqw uhjlrqv lq wkh sdudph0
whu vsdfh/ vdpsoh prphqwv ri PF glvwulexwlrqv ryhu wkh �uvw P� vlpxodwlrqv
+zkhuh P� @ P3>P3.4> = = = , kdyh ehhq sorwwhg djdlqvw P�1 Lq doo fdvhv/ rqh
revhuyhv frqyhujhqfh diwhu d qxpehu ri PF uhsolfdwlrqv zhoo ehorzP @ 8333/
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fi1 Iljxuh D615 iru dq h{dpsoh zlwk wkh PF DJUv �uvw irxu prphqwv lq d
kljk0rssruwxqlwlhv vhwxs1

Ilqdoo|/ dv orqj dv DJUv h{shulphqwv duh frqfhuqhg/ lw lv zruwk qrwlqj wkdw
doo uhvxowv suhvhqwhg lq wkh sdshu duh frpsxwhg e| uhsodflqj tp>W e|=

�tp>W + , @  �4
 �4[
�@3

tp>W��

lq wkh h{suhvvlrq jp+$, @ ^+tp>W@tp>3,
4@+W.4, � 4`1 Wklv kdv ehhq grqh lq

rughu wr uhgxfh wkh ghshqghqfh ri jp+$, rq W 1 Xvxdoo|/ zh vhw  @ 431
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Iljxuh D614= Wzr H{dpsohv ri Prqwhfduor Glvwulexwlrqv ri DJU dfurvv P@4333
vlpxodwlrqv1 Sdqho +d, rq wkh ohiw= Orz Rssruwxqlwlhv +� @ 4> � @ 3=4,1 Sdqho +e, rq

wkh uljkw= Kljk Rssruwxqlwlhv +� @ 8> � @ 3=7,=
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Iljxuh D615= Dq H{dpsoh ri Frqyhujhqfh ri Prqwhfduor Prphqwv +ri DJU, lq d
Kljk Rssruwxqlw| Vhwxs1 Uhfxuvlyh Prphqwv frpsxwhg iru vxevhtxhqw vdpsohv
^3/P`,/ Sdudphwhuv= �@8/ �@317/ �@314/ �@314/ �@417/ *@317/ Q@433/ W@43331
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Dsshqgl{ 7

Dvvxph wkdw wkh fkdqjh lq orj ri JQS �tw iroorzv d vwdwlrqdu| DUPD
surfhvv1 Wkhq �tw zloo dgplw d PD+4, uhsuhvhqwdwlrq ri wkh irup= �tw @
D+O,�w/ zkhuh D+O, @ 4 . D4O . D5O

5 . = = = / O lv wkh odj rshudwru dqg �w
lv zklwh qrlvh1 Iroorzlqj Frfkudqh +4<;;, dqg Fdpsehoo dqg Pdqnlz +4<;:/
4<;<,/ zh frpsxwhg hvwlpdwhv ri wkh iroorzlqj shuvlvwhqfh phdvxuhv=

Y n @
4

n . 4

Y du+tw.n.4 � tw,

Y du+tw.4 � tw,
@

574 . 5
n[

m@4

�
4� m

n . 4

�
�m

68 >

zkhuh �m lv wkh m0wk dxwrfruuhodwlrq frh!flhqw ri �tw> dqg

D+4, @ 4 .
4[
m@4

Dm

Qrwlfh wkdw li itwj zhuh wuhqg0vwdwlrqdu|/ wkhq D+4, @ 3/ zkloh Y n ds0
surdfkhv }hur dv n jurzv1 Frqyhuvho|/ li itwj iroorzhg d udqgrp zdon/ wkhq
Dm @ 3/ doo m � 5/ vr wkdw D+4, @ Y n @ 4/ doo n1 Khqfh/ li itwj zhuh hyhq pruh
shuvlvwhqw wkdq d udqgrp zdon/ erwk D+4, dqg Y n zrxog h{fhhg xqlw|1 Qrwh
dovr wkdw=

D+4, @

u
Y

4�U5

zkhuh Y @ olpn$4Y n � 4.5+�4.�5.= = = , dqg U @ 4�Y du+�w,@Y du+�tw,1
Hvwlpdwlrq ri Y n dqg D+4, fdq eh grqh qrq0sdudphwulfdoo| hpsor|lqj vdp0

soh hvwlpdwhv ri wkh dxwrfruuhodwlrq ixqfwlrq/ l1h1 um @ a�+m,@a�+3,/ zkhuh

a�+m, @
4

W

W[
w@m.4

+�tw ��tw,+�tw�m ��tw,

dqg �tw lv wkh vdpsoh phdq1 Zh hpsor|hg erwk �uvw gl�huhqfhv ri orj+JQS,
dqg JQS jurzwk udwhv ikwj dv wkh edvlv iru frpsxwlqj hvwlpdwhv ri rxwsxw
jurzwk dxwrfruuhodwlrq ixqfwlrqv zlwkrxw dq| vljql�fdqw gl�huhqfhv1 Qrwlfh
wkdw erwk i�twj dqg ikwj dsshdu wr eh vwdwlrqdu| durxqg d phdq yhu| forvh wr
}hur +l1h1 �tw �@ kw �@ 3,1 Wkh uhvxowv suhvhqwhg lq Wdeoh 7 duh iru ikwj1

Dq hvwlpdwh ri Y n +frqvlvwhqw iru Y li n lv odujh, lv irxqg vlpso| e| uhsodflqj
srsxodwlrq dxwr0fruuhodwlrqv zlwk vdpsoh frxqwhusduwv +rqfh kdylqj fruuhfwhg
e| d grzqzdug eldv,/ l1h1=
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zkloh D+4, pxvw eh hvwlpdwhg qrq0sdudphwulfdoo| +iru odujh n, e|

aDn+4, @

v
aY n

4� u54
=

Qrwlfh dovr wkdw vlqfh u54 xqghuhvwlpdwhv U5/ aDn+4, whqgv wr xqghuhvwlpdwh
D+4, iru odujh n1 Dovr/ wkh vwdqgdug huuru ri aY n lv htxdo wr=

V=H=+ aY n, @ Y n

�
6W

7+n . 4,

�� 4
5

=

Wkhq/ li rqh zrxog olnh wr whvw zkhwkhu wkh gdwd frph iurp vrphDUPD+s> t,
surfhvv/ rqh fdq soxj wkh wuxh ydoxh ri Y n +frpsxwhg xqghu wkh qxoo,1 Lq
rxu dqdo|vhv/ krzhyhu/ zh hpsor|hg wkh vwdqgdug ghyldwlrqv ri wkh Prqwhfduor
glvwulexwlrq ri hvwlpdwhv ryhuP @ 4333 uhsolfdwlrqv1 Erwk Prqwhfduor vwdqgdug
ghyldwlrqv dqg wkhruhwlfdo vwdqgdug huuruv duh lqfuhdvlqj zlwk Y n +ru zlwk lwv
hvwlpdwh,1

Fdpsehoo dqg Pdqnlz +4<;<, surylgh Prqwhfduor vwxglhv rq <3( fulwlfdo ydo0
xhv ri Y n dqg aDn+4, iru gl�huhqw gdwd jhqhudwlrq surfhvvhv dqg n @ 53> 73> 931
Hyhq wkrxjk rqh vkrxog eh dzduh wkdw lw lv jhqhudoo| kdug wr glvwlqjxlvk eh0
wzhhq gl�huhqw uhsuhvhqwdwlrqv iru itwj rq wkh edvlv ri d vlqjoh qrq0sdudphwulf
hvwlpdwh/ d frpsdulvrq ri rxu hvwlpdwhv zlwk wkh fruuhvsrqglqj <3( shufhqwlohv
ri dq DU+5, surfhvv/ ohdgv wr uhmhfwlrq ri doo vwdwlrqdu| surfhvvhv zlwk odujhu
urrw ohvv wkdq 3=<1

Lq sduwlfxodu/ zkhq lqwhudfwlrqv duh joredo/ sdwk0ghshqghqf| lv odujh/ wkh
olnholkrrg ri udglfdo lqqrydwlrqv lv kljk dqg wkh ghqvlw| ri lvodqgv lq wkh odwwlfh
lv vpdoo/ wkh ydoxhv ri Y n iru ikwj �w txlwh zhoo wkh fdvh zkhuh itwj lv jhqhudwhg
e| dq DU+5, surfhvv zlwk wkh odujhu urrw lq wkh lqwhuydo ^3=<> 4=3` dqg wkh vpdoohu
rqh durxqg 3=81
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